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HHPEAVCJIOBHE

HacTtosuee yuebnoe nocobue HamucaHO Ha OCHOBE MHOTOJIETHErO OIMbITa
YTEHUA AeKUMH W BEJeHUA MPAKTUYECKHX 3aHATHH MO MaTeMaTHYECKOMY aHa-
3y Ha 1 xypce PITMYVY. Ono npennasHaueHoO Kak /8 CTYJEHTOB, TaK U s
npenoaasaresieil, 0coGeHHO MONOABIX, HAUWHAIOMIKX BECTH NPAKTUUECKHE 3a-
HATHA.

[Tocobue He aBnsercs cGopHHKOM 3afad B 0ObLIYHOM CMbICHE cnoBa. Kak
SIBCTBYET M3 €ro CTPYKTYpPbI, OHO NpecieayeT Ueb NOMOYb aKTUBHOMY M He-
$opManbHOMY YCBOSHUMIO CTYAEHTaMu n3ydaemoro npeamera. Ilpu coctasne-
HUM 1ocoOus HMENOCh B BUAY, YTO UM OYAYT NMONB30BaThCs CTYACHTHI 3A04HO-
ro dakynbrera. B cBA3M ¢ 3TUM Marepuan Kaxaol TeMbl pa3OuT, Kak npaBuno,
Ha YETBIPE MYHKTY.

B n. I — «OcHOBHbIE TEOPETUUECKUE CBEACHUSA» — NPHUBOMATCH OCHOBHBIE
TeopeTyyeckHue CBENEHUS H (opMynsl (pasymeercs, 6e3 10Ka3aTeNbCTBA), He-
obxoaumble juist peuieHus 3azay. Muorna nocne GopmMymuposky onpeaeneHus
WITH TEOPEMBb! AAIOTCA NOACHAIOLIKE MPUMEPhl WM HEKOTOPbiE KOMMEHTapHHy,
4YTOOb! OGNErYyUTh CTYNEHTAM BOCHpPUATHE HOBBIX NOHATHH. Tam, rae 310, BO3-
MOJKHO, HaeTcsl reoMmeTpuyeckas U ¢u3nyecKas WHTepOpeTaLus MmaTeMaTvue-
CKUX MOHATHH. :

B n. I — «3anauu u ynpaskHeHMs AN CaMOCTOATERbLHOH paboTei» — co-
AEPKATCA BONPOCHI NO TEOPHUHU U NPOCTLIE 3aJa4y, PELICHHE KOTOPBIX HE CBi-
3aHO ¢ GONBIIUMM BBLIUMCIEHHUSAMH, HO KOTOPHIE XOPOUIO MUTIOCTPUPYIOT TO
AW HHOE TeOopeTHyeckoe MojiokeHue. HasHaueHHwe 3TOro myHkTa — NOMOYL
CTYIEHTY B CaMOCTOATENbHOH paboTe Haj TEOPETHYECKUM MAaTepHasnoM, HaTh
€My BO3MOKHOCTL CaMOMY MPOKOHTPOJIMPOBATh YCBOEHHE OCHOBHBIX MOHATHIA.
IIpenanonaraercs, KOHEYHO, YTO OCHOBHAs paboTa Haj TEOPETMUECKUM MaTte-
pHanoM ¢ npopaboTkoil JOKA3aTENLCTE TEOPEM MO YUEOHUKY MIIH KOHCIEKTaM
nexupmii. OmHAKO ANA petreHys 3a/ay YacTo JOCTATOUHO MOHMMAHUA CYTH TEO-
pembl (s opmyIsl). MHOTHE KOHTPONIbHBIE BOMPOCH HanpasfieHbl Ha pac-
xperTHe 370 cyTu. M3 n. Il npenonasarens MoxeT Yepnars BONPOCH! 11 po-

BEPKH OTOBHOCTH CTYOCHTOB K NPAaKTHYECKOMY 3aHATHIO NO TOH WM HHOM

TeMe.

B n. IH — «Ilpumepnl pewmeHns 3agayu» — pasoOpaHbl THIHYHbIE IPUMEPEI,
JEMOHCTPHUPYIOUIHE NPHMEHEHNE Ha [IPAKTHKE pe3yabraTtoB Teopuu. [IpH aTOM
Gonbioe BHUMaHME yaensiercsa OOCYXACHHIO HE TOJNBLKO TEXHUYECKUX MpHe-
MOB», HO M PasjiduHbIM «TOHKMM MECTam», HanpHMeEp YCIIOBWAM NPUMEHUMO-
CTH TOH Wiu MHOH TeopeMbl WK GOPMYJIBL.

Haznavenue n. IV — «3anaun u ynpaxHeHus Ul CaMOCTOATENLHON pabo-
Thi» — ONIPENENcHO ero HaspanueM. [Ipu noadope ynpaskHeHUi ObUIH HCNONB-




30BaHbl Pasiu4YHble HCTOYHUKH, B TOM THC/C IHIMPOKO H3BECTHBIC 3a1aynuky. B
KOHLUE 3a/1a4Hi JacTCA OTBET U yKa3aHue.

Havasno n xoHen pemenni 3a4a4 0TMEWalOTCA COOTBETCTBCHHO 3HAKAMM
Au¥,

B nocobuu npuseneH nepedeHb 3HAHMH, yMEHUN U HABBIKOB, KOTOPHIMH
JOJDKEH BJIAIETh CTYACHT; yKazaHa UCHONb3yeMan IuTeparypa.

ABTOp Hadeercs, YTO JaHHOE N0COOHe MOMOKET CTYAEHTAM B OB/aACHUU
METOAAMHM MaTeMaTHUECKOro aHanusa, B MX CaMOCTOATeNbHON pabore wag
npeamerom. OH TakoKe BbIpaxaeT HAIEKIY, 4TO nocobue GyET MOoNesHBIM Iis
npenonasatesielt B pabore co cTymeHTaMu, ¥ ¢ GjlaroapHOCTHIO BOCIPUMET
BCE KPUTHYCCKHE 3AMEUAHHS U NOKENAHUs, HANPaBIEHHbBIE HA YJIy4IIeHUe €ro
cojepxKauus.



I. BBEAEHHUE B MATEMATHYECKAN AHAJIA3
1. Y¥ICJIOBBIE MHOXKECTBA

OcHOBHBIE TCOPETUYECKHE CBEACHUHA

1.1. Anre6pa Belicka3zpIBaHHK (JIOrMUecKasi CHMBOJIHKA)

MHor#e paccyXaeHHs B TEOPHMH MHOXECTB MOKHO CIENaTh OYEHbL Ha-
MSLIHBIMY, €CJIH NONB30BATECS JIOTMYECKMMH CHMBOJIAMU M JIOTHYECKHMH 3a-
KoHaMH, cHOpMyTHPOBaHHBIMU B 9TOM cumBonuke. [IpuBeseM OCHOBHbIE CBe-
IECHHS U3 JIOTUKH.

IMon esickassieanuem NOHUMAIOT BCAKOE yTBEp)KACHHUE, CHOpMYIMpPOBaH-
HOE CJIOBECHO WJlM 3aHUCAHHOE ¢ MOMOILBIO cHMBONOB (opmya). O BbICKa3bl-
BaHHHU MMEET CMBICH FOBOPHUTE, UCTHHHO OHO MU JIOXKHO.

[NpousBonbHOE BhICKa3bIBaHME OyneM 0603HaYaTH OyKBaMK

l,m,n, p,q,r,...

Hs ABYX MPOU3BOJNIBHBIX BEICKa3bIBaHU P, ¢ MOXHO MOJIYYHTE HOBOE Bbi-
CKa3blBaHME, CBA3bIBAas BBICKA3biBaHMA p W g OHHUM u3 cotosos: H; WIIH;
ECJH..., TO; TOI'TA U TOJILKO TOI'1A, KOI'AA; HE.

BrickasbiBanue p n g HasbiBacTCs KOHBIOHKYUEI VNV 102UYeCKuUM npo-

u3gederneM BHICKA3LIBAHUN p U ¢, HA3HIBAEMBIX COMHOXXHTENAMU KOHb-
FOHKIUH.
OGo3naveHune: pAg.

Kourptonxuus P AN g UCTHUHRHA, Korjaa 00a ee COMHOXKHUTENA HCTUHHBI; €CJIH
XOTS OBl ONUH U3 €€ COMHOMXHUTEIEH JIOMKHBLH TO U KOHBIOHKHHA JIOXKHA.

BeickaseiBatue p WJIW ¢ HasuiBaeTC OU3BIOHKYUEH, U J10ZUYECKON

CYMMO BLICKa3bIBaHUH p U g (CaraeMbIX JU3BIOHKUMH).
OGo3naveHne: pvq.

I{M3‘b}OHKuHﬂ UCTUHHA, CCIIH XOTA Obl OAHO U3 €e cnaraeMbIX HUCTHHHO, H
JIOKHA TOrAa, Koraa 00a claraembiX JTOXHBEI.

Brickassisaane ECJIU p TO ¢ HasviBaeTCs uMnauKayuei; ¢ HOCbIIKON p
W 3AKAIOYEHUEM q.
O6osnavenne: p=gq.

Hmnnuxkanus JIOXKHA, €CJiy €€ 3aKIIOUEHHUE JIOXKHO, B TO BPEMs KaK ITOChlI-
Ka MCTHUHHA. BO BCeX OCTaIBHBIX caydasX UMNJjIMKauHsa HCTHHHA.

3amucn p=> g, o3HavalouieH, YTO p BAEHET ¢ WM g CAERYeT U3 p, Mbl
4acTo OyJeM NpuAaBaTh JAPYTYIO CJOBECHYIO MHTEPHPETALHIO, FOBOPA, UTO ¢
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€CTb HEOOXOOUMBLIL RPU3HAK URKH HEOOXOO0UMOE YCA08Ue D U B CBOIO OYeEpenb
P — 00Cmamo4noe ycaogue Ui 00CMAMOYHbLI NPUIHAK (.
Buickaswipanne p TOTJA UM TOJBKO TOTIA, KOTJIA g HasbiBaer- |

Cf IKGUBANIEHMHOCMbIO C YIEHAMU P U §.
Obo3nauenue: p < g (p=q).

i
OTO BLICKA3BIBAHUE MCTUHHO, KOTAA BBICKAa3bIBAHWE p W ¢ HMEIOT OfuHA-

KOBbIE JIOTUYECKHE 3Ha4YeHUs, T.e. 1ub0 00a UCTHHHBL, 1100 06a NoXkHbL. Ecnu

3KE p MCTUHHO, @ ¢ JIOXKHO, UNH g HCTHHHO, & P JIOXHO, TO 3KBUBANEHTHOCTE

P < g NOXHa.

BrickassiBaare HE p nasbiBaeTcs ompuuanuem p.
Odo3nauenue: —p.

OHO HCTHHHO, eCY p JIOXKHO, M JIOXKHO, eCl¥ p UCTUHHO. TakuM oGpazom,
OTpUUAHNHE p MMEET JIOrK4ecKoe 3HaucHUe, MPOTHBOMONOKHOE JOTHYETKOMY
3HAUEHHIO P,

TTpousBonpHOE HCTHHHOE BbICKa3biBaHue 0603HauuM uepes T (true — uc -
munHbi ), @ TPOU3BONBHOE JOKHOE BBICKasbiBaHue uepes F ( false — oo -
HbIH ).

Hampumep, T moxeT ObiTh BbickasbiBanueM 2-2 =4, a F — BbICKa3blBaHU-~
eM2-2=5.

Hcnonssys cumeonsl T 1 F, MOXHO 3amUcaTh AaHHbLIC BBILIE ONpPEeACNeHus
MCTHMHHOCTH U JIOXXHOCTY KOHBIOHKIMH, HU3BIOHKUMH, UMILIUKALIUY, 3KBUBA-
JIEHTHOCTY ¥ OTPULAKUSA IPH MOMOILM CleAyroeil Tabnuubl HCTHHHOCTH (Ta6-
Jauua 1).

Tabauya 1
plg| Prg | PV | P=>g | pP>g | P
T|T T T T T F
T|F F T F F F
F|T F T T F T
F|F F F T T T

Jozuueckue 3axonsl, Wil 1024%ecKue MASMONOZUN, — 3TO TaKUue BbIpa-
KEHHA, TOCTPOCHHBIC U3 GYKB [, M, 7y Py gy ¥y... M CBA3OK A, V,=>, &>, —1, UTO
ecnu 6ykset [, m, 1, Py g, 7y ... IPOM3BONILHBIM 00Pa30M 3aMeHUTE BEICKa3bIBa-

AuAMU (MCTUHHBIMH MM JIOKHBIMH), TO B pe3yJbTaTe BCEraa NOLy4HTCs HC-
THHHOE BBICKa3bIBAHHE.



1.2. Muoxectsa. IIycroe maomxectso. [lonmuoxkectsa. Bkanoyennn

TTonsTe MHOXECTBa ABIAETCS NMEPBHYHBIM B MaTeMaTHke. MHOXeECTBO
CUHTAETCS U3BECTHBIM, €CJIM MBI 3HAEM ero JEMEHTHI Wiy B MPUHIHIE MOXKEM
UX Ha#TH. -

3agare MHOXKECTBO MOMHO MHOTUMU CMOcoGaMHM; npocTeHmuiuil U3 HUX —
TIEPEUUCIUTE €ro 3jIeMeHThl. [lepeueHb 3J1IEMEHTOB MHOXKECTBA 3aK/IIOHAIOT
OOBI4HO B QUrypHLIe CKOOKH.

Hanpuwmep, {1, 2, 3, 4} — 3T0 MHOXECTBO, JIEMEHTaMH KOTOPOrO SBJIAIOT-
cs gucna 1, 2; 3, 4 u moavko onu; {Becua, NeTO, OCEHb, 3MMa} — 3TO MHOXKECT-
BO BpPEMEH roja.

BwMecto Toro, 4ToOb mEpeucasTh BCe INEMEHThl MHOXECTBA MOXHO YKa-
3aTh CBOWCTBO, B TOYHOCTH ONIpefeisioliee, KaKue JEMEHThl Mbl XOTHM B 3TO
MHOKECTBO BIIHOYUTD.

Mmuoxecteo {#n:»n—uenoe yucno v 1 < n <4} coBnamaer ¢ MHOXXeCTBOM {1,
2,3,4}.

Mpsl 6yaem cTpouTh aazedpy MHoxkecTB. Kak U B o6biunoli anrebpe, MHO-
JKECTBA M MEMEHTHI MHOXecCTBa obGosHavaroTcd GyxBamMu. Mbl ucmonb3syem
CTpOYHbl¢ OYKBBI A/ O003HAYEHHS TEMEHTOB, 2 MPOINKCHLIE IATHHCKUE — JUis
0603HaYeHNs MHOXKECTB.

Ecau aneMeHT x NMPHUHAANEXUT MHOXKECTBY X, TO nmuyT xe X. B npo-
THEHOM cnydae manyT x ¢ X (wm x € X).

3anuce {x€ X : P(x)} 03HayaeT MHOKECTBO TeX EMEHTOB X € X, KOTO-
phbie 001a8a0T HEKOTOPBIM CBOMCTBOM P.

B 3anucu BrickasbiBaHM# 0 MHOXKECTBAX YACTO HCMOJB3YIOTCA JIOTHHECKHE
onepaTopm

N ER («cymecmye'r» « HaaeTcs» UK «xot1s Obl onuH»);

2) V' («11060iiy, «isi NIOGOroy, «BCe, KBCAKMI» MK CKOKABI»).

OTH omnepatopbl Ha3bIBAIOTCA KEaHmMOpamu cymecmeoaauun U oﬂu(uo-
Cmu COOTBETCTBEHHO.

[MHO)KCCTBO, He cofepxamee HU OOHOro 3JIEMEHTa, Ha3bIBACTCS #YCHIbIM. l

CyniecTByeT TONBKO ONHO ITyCTOE MHOKECTBO, T.€. BCE MYCThIE MHOMXKECTBA
paBHEBI MeXy coboii ([TOJIHAaA AeMOKpaTHs).

VcTaHoBHB, YTO UMeeTCH ITyCTOE ONHO-CAMHCTBEHHOE MHOKECTBO MOXHO
BBECTH I HEro crneuHaabHoe ofo3HaveHne. Kak npaBmno, WIS Toro He-
nosas3yerca cuMBon J (3Hak guamerpa).

‘3 - nepesepHyTas natvHckan 6ykea E. Ot anrnuiickoro caosa Existence — cyinectsosarme.
1y - TepepepuyTas NavuHckas Oyksa A. Ot aHrnuiickoro cnosa Any — noGofi.




3ameuanue. Henb3s Ckasarh, YTO MyCTOE MHOXECTBO — 3TO «HUYTOY MITH
970 OHO He cyliecTBYeT. OHO CYIMIECTBYET TOYHO TaK e, Kak JnoGoe apy-
ro€ MHOXECTBO, HE CYIIECTBYIOT €0 JIEMEHTHI.

Pone nycTOro MHOMECTBA B TEOPUM MHOXECTB aHATIOTMYHA PONM HHC/A
Hynb B anrebpe. bes MuOxkecTBa & ONEPali YMHOKEHMS ¥ BBHIYHTAHMSA MHO-
KeCTB He BCera Obiny bl BRITIONIHUMBL, YTO BIIOCAEACTBUHM MpHBENO Obl K 3Ha-
YWTEJBHBIM TPYJHOCTAM TIPH BHIUHCIIEHHUSX.

MHOxecTBO B Ha3bIBACTCA #OOMHONCECINEOM MHOYcecmea A, eciy Kax-
AbiH 3JIEeMEHT MHOXKECTBA B ABAACTCA TAKKE U 3IEMEHTOM MHOXecTBa 4.
Obosnavenne: Bc 4° uw 45 B.

3anuck A < B o3Ha4aeT, uTo A ABNAETCS MOXMHONECTBOM B, WM, KaK
HHOraa roBopar, 4 codepacumcs B B. nn, uto B conepxur A4, unu, yto B
exawuaem B cebs A. B cBA3u ¢ 3TUM oTHOWIEHHE 4 C B MEXAY MHOXKECTBAMU
A, B Ha3pIBacTCA OTHOUIEHUEM BiIIoYeHus (puc. 1.1).

Puc. 1.1
Uraxk,

(A< B)=Vx((xe 4)= (xe B)).

Besxoe HEnmycTOe MHOXKECTBO A MMeeT, 1o Kpaiiueil Mepe, Ba NOAMHOXe-
CTBAa: CaMO MHOKECTBO 4 U TYCTOE MHOXKECTBO J, KOTOpBIE HA3HIBAIOTCA He-
COBCMEERHbIME ROOMHONCecmeami MAMKecTBa 4. 3anuch 4 < B o3uayaer,
YTO MHOXECTBO A ABISETCA NOJAMHOXKECTBOM MHOXeCTBa B, HO 4 # B. B aTOM
Cy4ae roBOPST, YTO MHOXECTBO A €CTh COOCMEEeHHOE HOOMHOMCECHE0 MHO-
’KectBa B.

1.3. Onepaunu Hax MHOXKECTBAMY |

Brenem ueTbipe aKCHOMBL.

L. Axcuoma oGnemuocTu. Eciiu MHOKeCTBa A U B COCTaBIEHE! U3 O{HUX ¥ T€X
KE IEMEHTOB, TO OHH COBNANAIOT.

H. Axcuoma cymmbi. [Ins Tpou3BOABHBEIX MHOXECTB 4 U B CYWIECTBYEeT MHO-
JKECTBO, 3NIEMEHTAMH KOTOPOTO SIBIIAIOTCA BCE 3JeMEHThl MHOXKecTBa A U BCe
INEMEHTHI MHOXECTBa B 1 KOTOPOE HUKAKHX JPYTUX 3JIEMEHTOB HE COLCPIKMUT.

3 Cumpon ¢ npoM3OmEN OT CUMBONIA <, HO BELN CIELMANLHO HCKPUBIEH, YTOGh! HANOMHHTS, YTO PEUb WACT HE O YHC-
JIaX, 4 O MHOMECTBaX.

8



111, Axcuoma pasuoctTn. Jis nNpoH3BONbHBIX MHOXeECTB A u B cyuiecTByer
MHOXECTBO, 3/IEMEHTAMH KOTOPOTO ABJIAIOTCA T€ U TOJNLKO T€ JIEMEHTHl MHO-
’)kecTBa A, KOTOPBIE HE ABAAIOTCS 3NEMEHTaMU MHOXECTBa B,

IV. Axcnoma cymecrsopaHun. CyHIECTBYET, N0 KpaifHeil mepe, 01HO MHOXe-
CTBO.

AxcHoMy 0OBEMHOCTH MOKHO 3amucaTb B BHAE Vx((x edo(xe B)).
DTa 3anuch O3Ha4aer, 4To A1 moboro o6beKTa X cooTHOleHus X A u x€ B
paBHocUNbHLI. [TocKoIbKY MHOMECTBO BHOJHE OIPEAENASTCS CBOUMYU dMIEMEH-
TaMH, YKa3aHHOE BLICKA3blBaAHME NPUHATO 0003Ha4aTh KOPOTKO 3anuChio
A= B, uutaemoii «4 paBHo B», 0603Hayalolell coBnaneHue MHOXeCTB 4 u B.

Takum 06pa30M, JABa MHOXECTBa pagHsl, KOTAA OHM COCTOAT U3 OOHHUX H
TEX JX€ JJIEMEHTOB.

OTpuliaHHe paBeHCTBA 3aNUCHIBAETCA B BUAe A # B.

U3 akcuom [ u Il cnenyer, yTo nas MPOU3BONbLHBIX MHOXECTB 4 U B Muo-
KECTBO, YAOBNETBOPAIOLIEE YCIOBUAM aKCHOMBI I, €AMHCTBEHHO. DTO €AUHCT-
BEHHOE MHOXECTBO, YAOBIETBOPSAIOLIEE YCIOBUSM akcHoMbl I1, HazoBeM odve~
Ounenuem (MMM cymmoit) MHOXKecTB A v B Gynem 00603Ha4aTh CHUMBOJIOM
4AUB.

O6veounenuem A\ B MHOXeCTB A U B HA3LIBAETCH MHOMXKECTBO, COCTOS-
Liee U3 3JIEMEHTOB, BXOAALIHUX BO MHOXECTBA A uiau B, ¥ TONBKO U3 HUX,
Te. AUB={x:(xe 4)v(xe B)}.

EcnM ofHH M TOT e JIEMEHT CONEPHKHUTCA U BO MHOXeCTBE 4 U BO MHO-
xecTBe B, To B UX 00beHHEHHE OH BXOAMT TONLKO ONUH pas.

Puc. 1.2. AUB

Cxemarudecku obbeanHenne MuoxecTs A U B usobpaxeno Ha puc. 1.2 ¢ no-
MOIIBKO AxarpaMm BeHHa, ‘Ha KOTOPBIX MHOXECTBa NpeACTaBJICHbLI B BUAEC Kpy-
'oB U TEe 06J'[acTPI, FOE JIEXKAT HY>KHBIC DJIEMCHTHI, 3alUTPUXOBAaHBI.

Hanpumep,

ecnu,a B=4{1,7,5,2}, 0o AUB={,3,2,9,7, 5}.




AHaNOTH4HO OonpeaesnseTca O0beAMHEHIE IIOBOTO KONMYECTBA MHOXECTB,

Hanpumep: 1) Ecnm MHOXECTBO 4 COCTOMT M3 BCeX YETHBIX UHCeN
A=1{2,4,6,8,...}, MHO)XECTBO B COCTOUT M3 BCeX HATYPANbLHBIX YHCEN, AEs-
muxcd Ha Tpu B=1{3,6,9,12,...}, ¥ MHOXkecTBO C COCTOMT H3 BCEX HEUETHbIX
yuces, He aensmuxca Ha tpu C ={1,5,7,11,...}, 10

AUBUC={,2,3,4,5,6,7,8,...},

T.€. COBNIJAET CO BCEM MHOXKECTBOM HATYPanbHbIX YUCEI.

2) INycTe Ang KaXxAOTo BELECTBEHHOTO UKCHA X MHOXECTBO A, COCTOMT U3
BCEX TOUeK MnockocTy Oxy, UMEIOWKMX 3a1aHHy10 abcuucey x (T.e. kaxmoe A4,
3anoHAET NPAMYIO, napamienbHyto ocu Oy). Torma ooseaunenue U A ects

COBOKYMHOCTh BCEX TOYEK MJIOCKOCTH.
[lono6HeiM 0bpasom u3 akcuom I u H1I 3akmouaeM, yto

NS MPOM3BOJBHBIX MHOXECTB A U B CylUecTBYeT B TOUHOCTH OJHO MHO-
KECTBO, CoAepXalliee 3eMEHThl MHOXECTBA A, HE NpHHALNeKALE MHO-
xecTBy B (puc. 1.3). 3T0 MBOXECTBO Ha3bIBAeTCH PAIHOCHBI0 MHOXECTB
A u B v obozuauaerca cumsosnom 4\ B, T.e.

A\B={x:(xe 4) A(xe B)}.

Puc.1.3. 4\ B

Hepecevenue (npouseedenue) A(\B muoxects A u B onpenenseM no
dopmyne A1 B=A\(4\B).

Hepeceuenues MAOXeCTB A M B Ha3biBaeTCHd MHOXKECTBO, COCTOALICE U3
3NEMEHTOB, NPUHAUISKAINNX KaK MHOXKECTBY 4, TaKk M MHOXECTBY B, U
TOJIBKO U3 HUX, T.€. A{1B = {x (xe A)n(xe B)}.




Takum 06pazom, nepeceucHue — 310 obw@s 4acTb COMHOXHUTENEH. DnemenTa-
MU €ro ABIAIOTCA T€, U TOJBKO Te 00BEKTEI, KOTOpBIE NIpHHALIEKAT 0GOHM co-
MHOXHTENSM (pHc. 1.4), '

MaremaTH4eckue TEOPUH, Kak IPaBUIIO, HAXORAT CBOH BBIXOX B TOM, 4TO
NO3BOJIAIOT fepepabarsiBaTh OOUH Habop yucen (UCXOAHbIE AaHHbiE) B APYroi
HabOp uKcen, COCTABNAIOLUX IPOMEXYTOYHYH) WIIM OKOHYATENBHYIO Le/b Bbi-
ypciiennii. Tlo atoll npuumHe 0coGoe MecTo B MaTeMaTHKe d ee NMPUIOKEHHAX
3aHHUMaIOT YUC/I0Bble QYHKHHU (TOUHEe, TaK HasbisaeMble AubdepeHUUpyeMble
gyucnoebie GyHKunn). OHU COCTABIAIOT MMIABHBIA OOBEKT UCCNENOBAaHUS Kiac-
cuyeckoro ananusa. Ho ckonb-HUOYAb MOJIHOE C TOYKU 3peHUs COBPEMEHHOM
MaTeMaTHKH OMHCaHUue CBOHCTB >THX (YyHKIUH HEeBO3MOXHO ©€3 TOYHOro ofl-
peaeieHU s MHOYKECTBA BEILECTBEHHLIX YWCEJl, HA KOTOPOM 3TH QYyHKLMH -Nel-
CTBYIOT.

1.4. HexkoTopble 4HCI0BbIE MHOKECTBA

Onpeaenenue. MHOXECTBO R Ha3blBacTCA MHOKECTBOM GEULECINBEHHbIX
(Oelicmenmenpnpix) uucen, a ero 3EMEHTb — geujecmeentiivimu (Oelicm-
SUMETbHBIMI) HHCAGMU, €CIIV BBINOJHEH KOMIUIEKC YCNOBUH, Ha3biBae-
MBI aKCHOMATHKOM BEIECTBEHHBIX HucE]. JTOT KOMILIEKC YCNOBHH CO-
CTOUT U3 AKCHOM CHOXKEHMSA, YMHOXKEHHs, CBA3b CIOXKEHUA U YMHOXKEHHA,
aKCHOM TNOpsAKa, CBA3b CIIOMEHHA U nopsaka B R, CBA3b YMHOXEHUS H
nopszka R, akcHOMBbl HOJIHOTHI ( HETIPEPLIBHOCTH).

[IpenctaBiieHHe BelileCTBEHHbLIX 4Yucen B Buge GeCKOHeMHMON NecATHUHOM
apo6u. Jli060e BemeCTREHHOE YHCIIO g NPEACTaBUMO B BUAE GECKOHEUHOU e-
cATHYHOM Apobu:

a=ta,.aa,...q,...,

rie 13 ABYX 3HaKOB « +» Gepercs Kakoi-To OMH: IIIOC — AJIA TOJIOKUTENBHBIX
YHCeJl, MEHYC — JU1 OTPULATENBHBIX Yicen (3HaK fUIoC 00bIYHO HEe MHINETCH ).
PauuonanbHble YHC/a NPEACTABUMbI B BUAE NEPHOAHYECKUX, @ HPPALMO-
HabHBIE 4YHCIA — B BUIE HEMEPUOAHYECKHX GECKOHEUHBIX AECATHUHBIX HPO-
Geii. HekoTopele pauoHanbHble YiCNa NPEACTABUMBI B BHAE KOHEYHOH Apobu
WK B BHIE OeckoHEUHOH ApOOH ¢ HyseM B nepuoje. Takue Yucia AONYCKAOT

BTOPOE TPCACTABJICHHE — B BHIE OECKOHEeUHOH necaTuuHOR apobu ¢ mmudpoit 9
B NIepHOJIE.

Hanpumep, {=0.500...0...=0.5(0); {=0.4000...9...=0.4(9).

BewecTBenHble YMCTa MOXHO M306GpakaTh TOYKaMi HA NpAMol Koopam-
HaTHO¥ nHauM. [103TOMYy MHOMECTBO BCEX BEIECTBEHHBLIX HUCEJ HA3BIBAKOT
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HUCROGOE NPAMOI, 3 CAMH YNCIA — IHOYKAMU, Y TIPY PACCMOTPEHHN YUCIIOBHIX
MHOMECTB YACTO MOJB3YIOTCA X r€OMETPUUYECKON UHTEPNpETALME.

byzaem MCrioab30BaTh ClIEAyrOMUe 0003HAYCHHA ¥ TEPMUHOJIOTHIO!
N — MHOXeCTBO BCEX HATYPaIbHBIX YHCET;
Z — MHOXECTBO BCEX LENBIX YKCET;
R = (—00; + ®©) — MBOXECTBO BCEX BEUICCTBEHHLIX uYHCEN (IPAMAS UHMCIOBAA
JIMHKA);
(a;b) — vHTEepBan — MHOXECTBO BCEX BELUECTBEHHbLIX YMCEN X, YHOBJIETBO-
pSIOLUMX HEPABeHCTRaM a< X <b.

Ha ueprexe 1.5 npeacrasnen untepsai (a; b).

0  a x b x
Puc. 1.5.

[a;b] — cermenT (OTPe30K) — MHOXKECTBO BCEX BELISCTBEHHBIX YHCEN X, YAOB-
NETBOPAMOIIUX HEPABEHCTBaM a < x < b; reoMerpuuecku [a;b] ects oTpes3ox
npsmMo#t ¢ KOHUAMHA B TOYKax a u b.

Pasnuure mexny untepBaioM (a; b) u otpeskom [a; b] cocrout B TOM,
YTO B cliyuyae uHrteppana (a; b) uucna a u b emy He npunHayiexar, a B Cliyuae
orpeska [a; b] 4ucna a u b emy npuxagnexar. Ha puc. 1.6 npeacrasnen otpe-
30k [a; b].

L L *
0 a x b x
Puc. 1.6.

[a; b) unn (a; b] — nonyusrepsan (MomycerMeHT) — MHOXKECTBO BCEX BeINeCT-
BEHHBIX YHCEN X, YAOBJICTBOPAIOIHX COOTBETCTBEHHO HEPaBEHCTBAM

asx<b, a<x<b (puc.1.7u 1.8).

| " S p— S e T S—-
0 a x b x 0 a X b x
Puc. 1.7. Puc.1.8.

[a; +o©) nnu (a;+o) unu (—o0; 6] wnu (—o0; b) — noyupsaMas — MHOKECTBO
BCEX BELUECTBEHHBIX YMCEN X, YAOBIETBOPAIOLIMX COOTBETCTBEHHO HEPABEHCT-
BaM g < x <40, a<x <+, —0o<x<h, —o<x<b;



OTPe30K, HHTEpBa), MOJYUHTEPBal, HOJYNPIMYIO H YHCIIOBYIO MpsaMyro Oynem
Ha3bIBaTh TAKKE IIPOMEHKYTKOM.
Oxpecmuocmes mouxu x, — mo0OoH HHTEPBall, COACPIKALIMI TOUKY X, .

TIyctb &€ — NONOKUTENBHOE YUCHO.
g-0Kpecmuocms mo4ku x, — nmobol uHTepBan (x, — &; X, + &), CUMMETPUY-
HBI{ OTHOCHTENBHO TOUKH X, (puc. 1.9).

3T0 — COBOKYITHOCTD BCEX YUCEN X, YAOBNETBOPAIOLIMX HEPABEHCTBY

e —xo| <& wma x,—e<x<x,+&.

IIpumeput pewienun 3adau

Tipumep 1.1. 3anars nepeuncieHHEM BCEX JIEMEHTOB MHOXKECTBA, OMNpe-
JeneHHble ¢ NTOMOIUBIO CIEAYIONX XapaKTepUCTUUECKHX CBOMCTR:

a) Au={xeN:x<5;6) Bu={xeN:x<0};8) C:={xe Z:[x<2}.

A 2a) Tpebyercs nepedHCNNTh HATypalbHblE YHCNa, MEHBLIME WU paBHbie
4ucny S. Vimeem MHOxkecTBO A ={1;2;3;4;5}.
6) OTpunaTenbHbIX HaTYpaIbHBIX YHCET HE CYIUECTBYET, I03TOMy B =,
B) B manHOM ciyuae U3 peiieHUs HepaBeHCTBa |x| <2 Hazgo BHIOpaTH TOMb-
KO 1€sbie yucsa. Tak Kax ero peiicHIeM spiseTcs oTpe3ok [—2; 2], To

B={2-10;1;2}.

Hpumep 1.2. Onucate MHOXECTBO TOMEK M UMUCIOBOW NPAMOM, TAKHX,
uro {M | |OM | =1}, ¥ NepeYUCAUTE €T0 ECMEHTHI.
A MHOXECTBO 33aJaHO XapaKTEpUCTHYECKUM CBOMCTBOM: €ro 3J1eMEeHThl €CTh

TOYKM YUCJIOBOM npAMOii, ylmaneHHble OT TOukM orcuera () HA PacCTOSHME,
pasxoe 1 (puc. 1.10).

3Ha‘ﬂ/IT, 3JICMEHTAMH 3TOro MHOXECTBa ABIJIOTCH 4Hucna —1 u 1, T.C.
M={-L1}.*%
B
) .
-1 0 1

Puc. 1.10.



Hpumep 1.3. CocTaBHTh MHOXKECTBO B BCEX MOAMHOMXECTB MHOXECTBA
A={1;2}. :
4 CornacHo OnNpefeneHUI0 MHOAMHOXKECTBA INAHHOIO MHOMXECTBA, OyHeM
umers: B{J; {1}; {2};11;2]}. ¥

Ipumep 1.4. BepHo nu cootnowenue {a; b; c} ={{a; b}; c}?
A CootHouleHue, HEBEPHO XOTA Gbl MOTOMY, YTO [EPBOE MHOMXECTBO HMEET
TpW IEMEHTA: @, b 1 ¢, a BTOpoe — TONBKO ABa: MHOXECTBO {a; b} U 3ieMeHT ¢,
HJTH TTOTOMY, YTO NIEPBOE MHOXXECTBO He COEPXKHT 3nementa {a; b}, conepka-
1IErocsi BO BTOPOM MHOXeCTBe. ¥

Tipumep 1.5, Haiitu sce noamuoxectsa MuOXecTsa {A; &; -}.
A CHavana BhINALIEM HECOGCTBEHHBIE TONMHOXKECTBA AAHHOIO MHOXECTBA:
I u{AQ,; —}, @ 3aTeM BCE ero cOBCTBeHHbIE OAMHOXKECTBA!

{A}9 {®}a {_}3 {A’ ®}s {Aa "}e {®7 —} .

Vh‘ax, HAAHHOC MHOXXECTBO MMEET BOCEMb NOAMHOKECTR.
3ameuanue. ()TMC'I‘MM.J YTO KOJHYECTBO NOAMHOMKCCTB MHOXKECTBA, CO-

JlepKalero 7 3neMeHToB, pasHo 2". ¥
TNpumep 1.6. Haiitu oOpenvHeHUEe U mepeceueHue CAERYIOWNX ABYX
MHOXeCTB: a) A:=(4;8), B:=(1;4];6) A:=(-3;7}, B:=[5;6).
A Hcxonma w3 onpepenesuit oObeiuHEHH U HepeceyeHus MHOXKECTB, HOIY-
uum: a) AUB=(1;8), ANB=T;6) AUB=(-3;7], ANB=[5;6]. ¥
3adauu u ynpajcHenua Ois CAMOCHOAMenbHo padomsi
1. CocTaBUTE CIIHCOK 3/IEMEHTOB MHOMECTB, 3aJaHHBIX XapaKTepUCTUUECKUMH
ceoicTBamu: a) A= {x|x* —8x+15=0};6) A={x|xeN,-11<x<-3}.
Omgem: a) A=1{3;5};6) A=0.
2. BrusicHure, pasHol iu mEOKectBa {152} u {{1; 2}}.
3. okasats, yto ecnu A ={x:x* ~7x+6=0} u B={1;6},10 4=B.
4. Onucars MHOXECTBA TOYEK M NIOCKOCTH, TAKHX, YTO:

a) {M :|OM|=R}; 6) {M :|OM|< R}; B) {M :|AM|=

rae a ¥ b — 3aaHHbIe TOUKH.

Omgen: a) MHOXeCTBO TOUEK OKPYXHOCTH PajuycoM R U C LUEHTPOM B
Touke O;

6) MHOMECTBO TOYEK KPYIa panuycoM R # ¢ HEHTPOM B Touke O;

B) MHOYKECTBO TOUEK NPAMO NIIOCKOCTH, NEPHCHAMKYIIApHOHR 0Tpesky AB
¥ TPOXOJsHIEH uepes ero cepeauHy.
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5. Kaxas pasHunia B 3anmucax A< B u A€ B?
6. lokasate, uro {{1; 2}, {2;3}} = {1; 2; 3}.
7. Bepuo ny, uto {1;2} € {{1;2; 3}, {1;3},1,2}?
Omeem: TlepBOe COOTHOWEHNE HEBEPHOE, BTOPOE — BEPHOE.
8. SlpnseTca MM MHOXECTBO, cocTosmee u3 uucna 0, nycteim?
9. CocTaBbTe MHOXKECTBO BCEX NOAMHOXECTB MHOXecTBa 4 = {0;1; 2}.
10. Hajinute o6benuHeHHE U NepeceueHue CIEAYIOMMNX MHOXKECTB: A — MHO-
JECTBA YETHBIX 4ucel, B — MHOXKeCTBAa HEUETHBIX yHuced, C — MHOXeCTBa MPo-
CThIX UHCEIL.
11. Halinure pasnoctu A\B n B\4 crienyiomux MHOXKECTB:

A={1;2;4;6;9}; B={3;4;5;8;10}.

12. 4 — MHOXeCTBO CTYACHTOB B OAHOM u3 rpynn dakynsrere, a B — MHOXECT-
BO OTNMYHMKOB Ha ¢axynsTere. Kakue MHOXECTBAa CTYNEHTOB ONMCHIBAIOT
muoxectBa A{1B, AAN\Bu B\ 4?

Omeem: MHOXECTBO OTNUHHUKOB B [PYMNe; MHOXKECTBO CTYACHTOB B
rpynie 6e3 OTNMUHUKOB; MHOXECTBO OTJIMYHUKOB B APYrHX rpynnax ¢akyib-
TeTA.

13. 4 — MHOXKECTBO HAaTYpaNbHBIX YHCEN, ASAAMMXCA Ha 2; B — MHOXECTBO Ha-
TypanbHBIX uuce, aemammuxca Ha 3. Kakoso mHoxecTtso A B?
Omeem: MHOXECTBO HaTypaibHBIX YHCEN, ACNAHUXCA Ha 6.

14. Tlycto
A={x:xeN,2<xS6}, B={x:xeN,1<x<4}, C={x:xeN,x2—4=0}.
M3 Kakux 3/1IeMEHTOB COCTOAT MHOKECTBa:
a) DUC;6) 4NBNC;B) AUBUC; ) (ANBU(BUC)?
Omeem: a) {2,3};6) &;8) {2,3,4,5,6}; 1) {2, 3}.

Vrkazanue: einucars 3neMenTh MHOXecTB A, B u C.
15. Jausl mHOXECTBa 4, B C. C nomMouisio onepauuii 06veauHeHUs, nepece-
4eHMs W PasHOCTH 3aNKCaTh MHOXECTBA, COCTOALIME U3 3JIEMEHTOB, NPMHAL-
JIexaLMX: a) BCEM TpeM MHOXecTBaM; 0) XOTS Obl ONHOMY U3 MHOXECTB; B)
MHOXECTBY 4 ¥ HE MpUHAIeKALIMX MHOXecTBaM B u C; r) mEOXeCTBaM A U
B u ne npunannexaimum MuoxecTsy C.

Omsem:a) ANBNC;6) AUBUC;B) 4\B\C;1r) (ANB)\C.



1.5. AGcomoTHAN BeANUHHA

Onpenenenme. Mooyaem (abcorromnoii geauuunoil) BELECTBEHHOTO
YKCAA X HA3bIBAIOT HEOTPULATENIHHOE YHCIO ]x‘, onpenensieMoe paBeHCT-

sow: ]x|=!i

x, ecnm x 20,

-x, eciin x <0.

Yrobut nepeiity x abcomorHol Bendune Yncha, UMeIowero B iudporot
3afMCH MUHYC, Haflo 3TOT 3HAK OTGPOCHTS.

Eciu x=5, 710 [ =[5|=5; ecam x =0, 10 |x]=0.

Ecnn x = -3, 710 [x|=]-3|= ~(-3) =3.

Ecnu [x| <& (&> 0), To 3TO 03HAYAET, YTO X YIOBJETBOPACT HEPABEHCTBAM

(puc. 1.11)
—£<x<+€. 5.1

O @O >

~€ 0 x e x
Puc. 1.11.
Ilpumepit peruenus 3adau
Npumep 1.7. Ecnu |x] <3, TO IMEIOT MECTO HEPaBEHCTBA —~ 3 < X < +3.
Ipumep 1.8. Ecnu | y| <%, 70y ynoBieTBOpAeT HepaBeHcTBaMm (puc. 1.12)
—-$Sys+%.

O!m«\mﬂ@m&sﬁkw\v‘,sﬁssﬂ‘%}:% O x
z ES

2 2

Puc. 1.12.

IMpumep 1.9. Onpenenuts YUCIOBYIO BETHYHHY BHIPOKEHUSA

2x+5 o x =2
7-2x? P
A Tlpu 3HaveHun x =2
| |2x+5] =|2'2+51=!4+5|=1'i|=i—9l=9
17-2x 17-2-22] |7-8] |-1

Npumep 1.10. Onpenenurs, MPH KAaKUX 3Ha4CHUAX X OyAET CnpaBeNJIMBO
HepaBeHCTBo |x —3| < 2.
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A Cornacuo dopmysie (5.1) naHHOe HEPaBEHCTBO MOKET OBITH 3aMMCaHO TakK:
-2 <x—3<2. TlpubaBUM K KaxA0} 4aCTH 3TUX HEPABEHCTB MO 3 H NOJYUHM
-2+3<x<2+3, oTkyOa cinenyer, uro 1< x < 5. Hepaseucrso |x—3| <2 BbI-
MONHAETC AN BCeX 3HaueHuit x u3 uarepeana (1;5). ¥

AGconroTHbIE BEMHYUHBLI OOANAIT CISAYIOLMMH CBOMCTBAMH:

1) Abconomuas seruyuna Cymatbl HECKOILKUX CAASACMbIX HE DOAbLUIEC CYM-
Mol (l6()0.-‘7l()111"blx BEAUYUH IMUX CAACAEMBIX

|x+y+z|£[x|+[y|+{z|.
2) ABcomomHAA GEAUNUHU PUBHOCIIU AOCOMIOMHBIX GEAUYUH O8YX YUEET He
MEHBULE PQZHOCMU GBCOMIONHBIX GENUNHH INUX HUCe!
|x = y|2]x]-|»]-

3) Abconomuas sesutuHd HPOUZBEOCHUS HECKOAbKUX COMHONCUMENCU
DasHda NPOU3BEOEHUIO ADCONIOMHBIX GETUHUH IMUX COMHONCUMETET

|x-y|=[x|-|y]
4) Abcomomuas eeauuuna Opodu pasHa abCOMOMHON GEAUNUHE YUCTUME-
. x|_ |2
JA, pasdeﬂenuou Ha 61600./710}?’17-()»’10 BEAUYURY 3HQMEeHameNst | — | = I———l-
Yoy

Bonpocsi 0aa camonposepxu
1. Yro naspiBaeTca abcontoTHOM BenuunHOH?
2. UTo BLIp@XalOT HepaBeHCTBa |x| 2 a, x| <a Ha uncnoBo# OcH M Ha NIOCKO-
cru? '
3. Mposeputs cBoiicTBO 1 414 3HA4EHUI

a)x=-5;y=4z=5u=-1;6)x=-4; y=5z=-2.
By x=4,y=2;z=7;1) x=5,y=-3;z=-6.
4. TpoBeputs cBOHCTBO 2 11 3HAYEHHUM
a)x=7,y=-4;0) x=-4;y=-8;B) x=5;y=7;1) x=-10; y =4.

1.6. IlpuMenenHe CUMBOJIOB MATEMATHYECKOH JOrUKH
[Tpu ¢opMynMpoBKax MHOTHX ONpeEneHUM U TEOpPeM HCNONB3YIOTCA
KBaHTOPbI CyIIecTBOBaHus W BeeobmuocTy (3 1 V).

Poscufiorys COCY HAPETREH LS

gl ynusspester

ST
P

e,




C nomolIpio yKa3aHHBIX CUMBOJIOB OfpENeNiCHHe OrPaHHYEHHOrO CBEPXY
MHOXECTBA MOXHO 3alllcaTh Tak: MHOXecTBO X Ha3bIBaeTCs! OrpaHHYCHHBIM
cBepxy, ecm IM € R Taxoe, 4To Vx € X BbINONHACTCH HEPABEHCTBO X < M,
unu (ente Gonee KPaTKO, OMYCKas HEKOTOPLIE CIIOBA): MHOXECTBO X HA3LIBAET-
Csl OTPaHHYCHHBIM CBEPXY, €CIIH

IMeR VxeX:x<M. (6.1)

Hcnone3oBanie KBAaHTOPOB HE TONBKO COKPALUAET 3aMHCh, HO M NO3BOJISET
BECbMa NPOCTLIM CMOCOBOM CTPOHUTH OTPULAHHS NPELIOKEHU (ONpeaeneHni,
YTBEPXKAEHUH), 3alIMCAHHBIX C MIOMOILBIO KBaHTOPOB. [IponmocTpupyem 10T
Crocob Ha mpuMepe OTPULAHUA ONPEAENIEHMS OrPaHHUEHHOrO CBEPXY MHOXe-
crsa. Minade rosops, chopMysupyeM ONpefelieHie HEOrPAHHYEHHOTO CBEPXY
MHOXecTBa. HeorpaHuueHHOCTh CBEpPXY MHOXecTBa X O3HA4aeT: He CyIUecT-
BYeT yucna M Taxoro, 4ro aas moboro xe X BBINONHAETCH HEPABEHCTBO
x <M. D710 3Ha4UT, YTO 4N MOGoro uucia M cymectsyer x € X, U191 KOTO-
poro x> M . IloaToMy omnpefeneHde HEOrpPAHUUCHHOTO CBEPXY MHOMECTBA C
[OMOUIBIO KBAHTOPOB MOMKHO 3aMHCaTh TaK: MHOXECTBO X Ha3biBaeTCs HEOor-
pPaHH4CHHBIM CBEpXY, €CIIH

VMeR dxeX:x>M. (6.2)

Cpasnuras (6.1) ¢ (6.2), MBI BHOMM, 4TO IS TOCTPOEHHUS OTPHUAHUA
npeanoxeHust (6.1) HyHO KBanTop I 3aMeHMTh KBAaHTOpOM ¥, @ KBaHTOp V —
Ha 3 W crosiilee 10C/ie ABOSTOUMS HEPABEHCTBO 3aMECHUTb €MY MPOTHBOTO-
JIOXHBIM.

370 NpaBUIO MOXXHO NCTIONB30BATh U AN MOCTPOCHUS OTPUUAHHM MOOBIX
OpYIHX YTBEPXKAECHUH, conepKalinxX KBaHTOpbl 3 U V.

1.7. MeTox maTeMaTHYECKOH MHAYKIHH

Yrtobbl ROKa3aTbh, YTO HEKOTOPOE YTBEpXACHUE BEPHO Mt JiioOOro Harty-
PALHOTO YKCHIA 11 HAYKHAS CO 3HAUCHMS M, JOCTATOYHO I0KA3aTh, YTO:

a) 3TO YTBEPKACSHUE BEPHO JUIA YHCIA 1 = Mg ;

6) eciu faHHOE YTBep)KICHHE CIIPaBeUTNBO 1 HEKOTOPOro HaTypasibHO-
TO YMCHA £ = 7y, TO OHO BEPHO TaIOKE ¥ JNst CNENYIOUIETO HATYPAIbHOrO Yucia
k+1.

Taxo#f MeTON HAOKA3aTeNIbCTBA HA3LIBAETCH MEMOOOM MAMEMAMUYECKOH
UHOYKUuU.

Bonpocst dna camonpoeepru

1. 3anMATe ¢ MOMOMIBIO KBAaHTOPOB OMPENENEHHE OTPAHHYEHHOrO CHU3Y
MHOXKECTBA.
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2. IocTpoiiTe OTpHULAHHE STOrO ONPEHeieH s, MONB3YICh MPaBUIOM NMOCTPOE-
HUS OTPULIAHUH.

3. Kakoe MHOXeCTBO Ha3blBaeTCs OrpaHU4eHHbIM?

4. B 4eM COCTOUT METOJ MATEMATUUYECKON UHIAYKLIHU?

5. MeTomoM MaTeMaTHUECKOH MBAYKLMU QOKaXUTe, 4To Ve N:n 2",

3adauu u ynpaxcuenusn Ona camocmoamensHoil pabomet

ITpuMeHss meTox MaTeMaTH4eckol MHAYKUMM, AOKaXHTE, 4To Vre N
CIIPABEJUTHBL! PaBEHCTBA:

LL1+243+..+n=0.5a(n+1).
2. P422 43+ +n = in(n+D2n+1) .
3. +2°+3 +. .+’ = 02507 (n+ 1)

Meronom maremaTHuecKo# WHIYKUMM NOK@KHTE CHPABEA/IMBOCTbL HEpa-
BEHCTB:

5. 1+—= >+n (n22).

= f+ *4’
6. "' >(m+1) (n=3).

X Xy .t X,
7.————’7———"—>",/x]x2 x, npu x, 20, 1<k <n

(cpenHee reoMeTpHUYECKOE # HEOTPHHATENBHBIX 4HCENl HE [PEBOCXOAMT X
cpeaHero apubMEeTHUECKOro);

8. Ja+a+...++a s0.5(1+«/4a+1 Ya>0.
Yoyt Ne

n



2. HPEAEJ MOCAEXOBATEJBHOCTH

OcHOBHBIE TeOopeTHEeCKHe CBeleHUS
2.1. dyHxHHNSA HATYPAJLHOIC APTyMEHTA (YHCJIOBAS N0C/IeJ0BATE b~
HOCTB)
Hauano usyveHn:o HOHATHA Mpenesa YKCIOBOH HOCIeNOBATENLHOCTH T10-
JIOKEHO Yie B 3NEMEHTApHON MaTeMaTHKe. '
TIpuMepamu Takux Mocjaea0BATENBHOCTEN MOTYT CYKUTD:
» NOCNEROBATENBHOCTE BCEX WISHOB apubMeTHHeCKOW W TeOMeTpHUECKOi
nporpeccHii;
> MOC/enoBaTefbHOCTb NEPHMETPOB NPABAILHBIX A — YFOJBHUKOB, BIIUCAHHEIX
B JAHHYIO OKPYXKHOCTb;
» nocnenosarenbHOCTh X, =1, X, =1.4, x; =1.41, ... NpuGnmKeHHbIX 3Ha4e-

Hui ﬁ

Onpeaenenne 1. Ecnu xaxnoMy 4YMCily # U3 HATYpabHOTO psiia 4ucen
1,2,3,...,1,... N0 HEKOTOPOMY 3BKOHY NOCTABACHO B COOTBETCTBHME Be-
IIECTBEHHOE YHUCIIO X, , TO MHOXECTBO BEIHECTBEHHbIX YUCET X, X,, X55...s

X, ... Ha3bIBAETCA HUCA0GOR NOCACO0CAMETOHOCHIGIO YN NPOCTO HO-
CACOOBUMETILHOCMBIO.

Jpyrumu ci0BaMH, YHCNOBYIO TMOCHEA0BATENLHOCTE MOYKHO ONPENeNdTh Kak
MHOXECTBO Map 4YMcen (#; x,), B KOTOPhIX NIEPBOE YUCAO MPAHUMAET MOCAEN0-
BaTe/bHO 3HaveHuA 1,2,3,...,#,....

Yucna x;, X5, X3, ..., X,, ... HA3BIBAIOTCA SNEMEHTaM# (Mny uneHamu) no-
CNenoBATENBLHOCTH.

CumBon x, — o6uiMM 31€MEHTOM (M-1UE€HOM) MOCIENOBATENLHOCTH; a
YUCJIO 7 — €70 HOMEPOM.

CoKpaineHHO MOCNEN0BATENBHOCTD X, Xy, X3, ..., X, ... OyA€M 0003Ha4ATEH
CUMBOJIOM {Xx,}.

MNocnenoBaTtenbHOCTh CUUTACTCS 3A0AHHOH, €CNU YKa3aHo NPaBRIIO, 1O
KOTOPOMY Ka)KAOMY 3HAUEHUIO apryMeHTa # (HaTypaTbHOMY YMCITy) MOCTaBjie-
HO B COOTBETCTBHE €IMHCTBEHHOE 3HauYeHMe Xx,. JL1a 3aJaHua HOCheNoBaTe b
HOCTH JOCTATOYHO 3HaTh ee o0luui wieH, ubo, 3Has HOMEpP uneHa NnocnenoBa-
TENbHOCTH, BCET1a MOKHO HalTH U CaM WieH.

TTocnemoBarenbHOCTH MOryT ObITE 3anaHBl NOCPEACTBOM ORUCAHUA WX
CJjioBaMu.
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CyIECTBYET TAKKE PEKKypenmHublil cnocof 3alaHus MOCNeNOBaTENLHO-
CTH, KOorna nocneny}omnifl YNEeH BbIPAXEH 4Yepe3 OAWH WJIH HECKOJIBKO NMpeabi-
AyUiaX 4ACHOB MOCACAOBATCIIBHOCTH. .

Hanpmvlep, Ceay1OLMe 1OCIeA0BATENBHOCTH 3a0aHbl PEKKYPEHTHO:

N
! :2) b =2, b, =5, +2
]) 4 =Oa Ay :—(an+1)9 ) bl =2 Yn+t —“5 n+; .
2 _ e

HpPl moboM cnocobe 3adaHus NnocIea0BaTCiIbHOCTH KaXXIplii ee 4jed on-
penenaeTcs HoMepoM 3aHUMaeMoOro MecTa. nO3TOMy BO3MOXHO Takoe onpene-
JICHUE NOCNICIOBATEILHOCTH.

Onpenenenue 2. OyHkuvs f, 061acTbio onpeaeneuus KOTOPO# sABisgeTCs
MHOXECTBO HaTypPalbHBIX YUCESN, Ha3bIBAETCA NOCACAOBATENLHOCTHIO.

3Hauenus f(n) GyHkuMyu f Ha3BIBAIOTCH YiE€HAMH NOcieaoBaTenbHOCTH. KX
NPUHATO 0003HAYATH CHMBOJIOM 3JIEMEHTA TOTO0 MHOXECTBA, B KOTOPOE HJET
oTobpaxeHue, cHabxas CHMBOJ COOTBETCTBYHOIIMM HHICKCOM apryMeHTa,
x, = f(n). Camy nocnenoBaTebHOCTb {X,} Ha3LIBAIOT MOCAEAOBATENBHOCTHIO
3JIEMEHTOB MHOMecTpa X.

Tlo camomy omnpenencHuio, NOCIEAOBATENBHOCTD COAEPRUT OeCKOHEeUHOE

YHCO 3JIEMEHTOB: JIIOOBIE NBA ee JJIEMEHTa OTINWYal0TCA, MO KpaﬁHeﬁ Mepe,
CBOUMU HOMCDaMMU.

IMocnenoparensHoct {x, + ¥,},{x, = ¥, }> {%, - Vu}> {;—} Ha3bIBAIOTCA CO-

OTBETCTBEHHO CYMMOU, PASHOCMbIO, NPOU3GEOCHUEM W YACMHBIM OBYX NO-
cneposatensuocTe: {x,} u {y,} (anag vacTHoro n=0).

Onpenenenne. TNocrenoBatenbHOCTL {x,} HA3LIBAETC OPAHUUEHNOH,
ecin M >0 Taxoe, uto V n: |x,|< M.

C reomerpuqecxoﬁ TOYKH 3PCHUS ITO O3HAUAET, YTO BCC WICHLI NOCICHO~

BaTENLHOCTH HAXONATCA B HEKOTOpOi#l okpecTHocTH (M-OKPEeCTHOCTH) TOYKH
x=0.

Onpenenenne. [ocnenosarenbHOCTh {X,} Ha3BIBACTCI HEOSPAHUUEHHOI,
ecu VM >0 3n: |x,|>M.

Onpeaenenue. Yucno a € R Ha3bIBAeTCs APEENioM NOCIEAOBATENBHOCTH
{x,},ecnmn ¥V £>0 3 N e N Takoii HOMep, ut0 V #> N BbINONHAETCA He-
paBeHCTBO | x, —a|<¢. '

21



Obo3nayenne: limx,=a am x, = a.

H~r0 n—-x

2.2. I'eomeTpHYecKMIl CMBICT NIPefeia MOCHEA0BATENBLHOCTH
TeomeTpuyueckn MOCAENOBATENLHOCTL M300paXaeTcd HA KOOPAMHATHOM
ApAMOI B BUAE MOCHEAOBATENEHOCTH TOYEK, KOOPANHATHI KOTOPHIX PaBHBI CO-
OTBETCTBYIOILUM 3fEMEHTaM NOCASAOBATENLHOCTH.
H306pasuM uneHbl TOCNENOBATENBHOCTH {X,} TOYKAMH YHUCJIOBOH OCH
(puc. 2.1).

e £ b P2

3 J ~
X, a=& Xy, O Xy,a+*e Xy

Puc. 2.1.

HepaseHcTBo [x,, ~a| < £, paBHOCH/IbHOE IBOAHOMY HEpABEHCTBY
a-g<x,<a+eg,

03HAYACT, YTO TOUKA X, HAXOLUTCH B £ - OKPECTHOCTH TOUKY d.
Takum o6paszom, YHCITO g €CTh NpeleN NOCAeAoBaTeNLHOCTH {X, },
> eciii KaxoBa 06l HY ObL1a £ — OKPECTHOCTE TOYKM g, HAlAETCa Takoi Homep
N, 4To BCE TOUKH X, C HOMepaMH # > N GyayT COAEPXKaTbCsi B 3TOH OKpecT-
HOCTH TOYKH @, T. €. B UHTEpBane (a ~&;a+¢);

> BHE 3TOrO HHTEPBAJIA MOXET OKa3aThCA JIMLIE KOHCUHOC MHOXKECTBO TOYEK
JAHHOHN MOCNEeNOBATENLHOCTH.

2.3. CpoiicTBa npeaesa nocje10BaTeabHOCTH

Onpenenenne. [locnesoBarenbHOCTh {X,} Ha3bIBAETCA CXOOAMEICR, ECIU
OHa umeeT (KOHEUHBIH) peaen.
IocnepoBartenbHOCTD, HE UMEIOLIAs TPEETIa, HA3BLIBACTCS PACXO0AMEICA.

Teopema 1.Cxo0nuianca nocaedo8amenbHOCMb UMEeH HIOALKO OOUH npeder.
Teopema 2 (neoGxoamumoe ycioBHe CXOAHMOCTH HOCISA0BATEAbHOCTH).
Cxodauwasica ROCAEO08AMERLHOCHb OSPAHUYEHA.

Hpumepst peuterun 3a0au
IIpumep 2.1. Hanucars nepsbie AecATh WICHOB NOCAEAOBATENLHOCTH, ECIH €€

obuuit uned x, = .
n+2
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A Brluncnss 3HayeHue apobu NpH 3HAUSHHAX K, paBHEIX 1, 2, 3, ..., 10,

HOTY4UM:!
n|1]12]3/4|5|/6|7]8{9]110
1l 2|3ja)sisl2lelsel 1o
X 1314 |s5lei7isi9jwli] e
Boo0lLe ke nocnenoBaTeLHOCTE ¢ OOLIKUM HJIEHOM X, = 3anuieTcs
n+
TaK: l;~2—;—3-;...;—n—;... ¥
345 n+2

Npumep 2.2. Tlo jaHHBIM MNePBHIM WIEHaM MOCIENOBATENbHOCTH
8, 251425 0. . nanmcarts ee oBwuil uneH. ’
A Tlpexe scero, OTMETHM, YTO 3a[JaHHEM HECKONBKMX NEPBBIX UIEHOB MO~
CJIENIOBATENLHOCTH HE ONpE/eNseTcs BCA MOCheNoBaTenbHoCTs. OHaKo ycno-
BMMCS CUMTaTh, YTO KaK HAMHCAHHBIC YWIeHB NOCIENOBATEILHOCTH, TaK U BCe
CNeyIOLIHE 32 HUMM COCTaBJIEHb! 110 ONHOMY M TOMY € 3aKOHY COOTBETCTBHS
MEY HaTypasibHBIMK YHCIIAMHU U WICHAMH NOC/IEI0BaTENbHOCTH. :

B HauieM ciiyqae HEeTpYIHO YCMOTpPeTh, HTO YUCIHTENb KaXAOH ApoGH pa-
BeH KBaJPaTy HOMepa IUTIOC MATh

6 1’+5 9 2245 14 345
7 @P+5+1710 E+5)+1'15 (32+5)+1’

21 445 30 SP+5
22 (4*+5)+1° 31 (5*+5)+1"

T.e. aucnutens paBeH n’+5, a 3HaMeHATENb KaxIOH ApobM Ha ENMHHUILY

n’+5
Gonbiue YMCIUTEN , T.€. paBeH n° + 6. Urax, x, = T e
n o+

Ilpumep 2.3. Jokaszarb, YTO NOCHENOBATENLHOCTE C OBLIMM UNEHOM

n o

X, = ——— HMEET IIpefen, paBHbIii 1.
n+l1

A BuibepeM OpoM3BOABHOE YUCIIO € ¥ MOKAKEM, YTO JUIsi HEFO MOXKHO onpene-

JIUTh Takoe HaTypajisHOe 4ucno N, 4To 4ad BceX HOMepoB n> N Gygmer Bbi-

n
NONHATECA HEPABEHCTBO | X, —a|< &£, B KOTOPOM Hano B3ATh a =1 X, = ——

n+l1

k4

NG

n+

T.C. HCPABCHCTBO <€&.
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IMocne npuseaenus Mo 3HAKOM MOJYJIS K OOLUEMY 3HAMEHATENIO, OTYYUM

ln—n-1| | ~1] 1
<e o <ge> <g.
n+ n+

\ In+1] 1

‘ n+1

W3 nocnenHero nepaBeHcTsa caeayer, uto n+1>L, n>1-1.
1
3ameuanue. Ecnu a<b, 0 —>—.
a b
3uaunt, ecny Homep N Gonbuie, yeM wucio +—1, TO HepaBeHCTBO

REE

<& Oyner BuinonHsAThCs. Teneps HANO PELIMTh BOMPOC O 4ucne N, o

+1
KOTOPOM HIET peub B OfipeneneHut. 3a 4ucno N MOXKHO NPUHATE Haubonpinee
uenioe umcno, coaepxaiieecs B uucie +—1. HauGonbluee Lesoe uHcno, co-

Iepixalieecs B UKcie x, 0003HauaeTcs cuMBoioM [x] (unu E(x)).

Ha ocHoBaHuu 3TOro Haubonbiuee LENOe YKCHO, CONEpKalueect B qucne
;~—-1, Ha/10 00O03HAUNTL TaK: E-l]. Hrak, MOXHO MpUHATE N =E—1] (npen-
MOJIATAETCs, UTO [% - 1]> 0, uraue N de OyAeT HaTypaibHBIM UMCIIOM H €ro Ha-
no Opars paBHBM 1). ‘

3axmovenue: [1o npoOU3BONEHOMY 32JAHHOMY TOJOXKUTEIBHOMY YUCIY &
Mbl HALLIM Takoe HATypaibpHOe uucio N, uTo And BeeX HOMepos n> N

HEPABEHCTBO |-—— ~ 1] < £ nEHCTBUTENLHO BLINONHAETCA, a 3TH U JOKa3a-

HO, YTO 1 sABisercs MpenenoM NOCNENOBATEALHOCTH C OOMMM UJICHOM
=t
" on+l
Tenepp npyBeneHHbie BRMUCICHHS TPOMITIOCTPUPYEM UHCIIOBLIM OpUMe-
-1
pom. IlycTs, nanpumep, & = ;.-

Torna npH 3HaueHVH & = 13 NOyYaeM U3 BeIpaxeHus N = [ﬁ —1]
N=f-1|=]100-1]=99; N =99.

Takum 00pazoM, TS WICHOB TIOCNEN0BATENBHOCTH ¢ HOMepoM OonbLIAM,
geM 99, BRITONHAETCA HEPABEHCTBO ‘1 - x,,] <75-
n 97

IMycte 7 =97; Toraa, Tak KaK X, = ———, Xy, = —
y a’ " el T 93

i3
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_ 1.
Il =%.2 95> g
ecmi n=98, T0

_98 Ao
Xog 99’"[1 99’99>100'

Vi3 3THX PACHETOR BUHO, YTO KOTA HOMEP 1 WIEHa NOC/TeNOBATENBHOCTH
meHbie 99 (7 =97, n=98), HepaBeHCTBO |l - X,| < ;5 HEe BHIMOMHACTCS: BMe-

L - 1
CTO TOrO 4T00b! ’1 —x,,| 6512 MEHBLIE 755, MBIl TIOYYWIH, YTO ]1 xnl > 1%

— — 100
Eciu 336 2> 99, T.e., Hanpumep, # =100, Torma x, = {5 u

]1 —x,|=

[ I00| IIOI ~100
o1l — {101

a ;- < - Hepasencreo ]1 |< 6y11eT BBINONHATLOA A1 BCEX HOMEPOB 7,

Kompbxe 6om>uxe, yeM 99. Tak xak £ = a n>99, To Bce 4IeHB! MoCNenoBa-

100'—'
TEJNILHOCTH, Ha4MHas C cOTOro, OyAyT fiexkaTh HA UHTepBane (1 - 5o 1 +E6)’ T.e.
Ha unrtepnane (0.99; 1.01).

(Tenepr BO3BMHTE ANY 4HMCHA & 3HAYCHHE, MEHblUee 1, HampUMep,
€ = . Halinure N 1 y6eautech, 4TO OHO YBENHYUTCA).

n
INony4denHslii pe3ynbTaT MOXHO 3anucaTh Tak: lim——=1.
n-xp +1

n
Hnaue MoxHO cKasaTh, YTO NOCHEOBATENHHOCTD §X,} = ———1 cxoputes k 1.
n+

Ipumep 2.4. JloxkasaTe, yto YHCHO @ =1 ABNAETCA NpenesoM MocnaenoBa-
L '

"4l

A TlosTOpuM 110aPOGHO BCE pacCyAeHUs, NPUBEACHHBIC B MpenbiAyLIel 3a-
Jade. 3aKanuM MPOM3BOJIBHOE CKOJb YTOAHO Majoe HHCIO & >0 U MoKakeM,
4TO JUIA HErO MOXKHO HaWTH Takoe uucno N(g), uTo And BceX YHNCHOB MOCHENO-
BaTENBHOCTH ¢ HOMepaMH 7 > N (&) OyneT BEINOIHATECI HEPABEHCTBO

TENBHOCTH ¢ OOLIMM WICHOM X, =

2" —
2" +1

~-li<e.

Jns oTeickauua uucna N(g) peliuM HOMydYSHHOE Hepaseﬂcmo OTHOCHU-
TenbHO K. Tak Kak
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2" -1 lol=2]__2
27 +1 2" +1°

2"+l -

TO OT 3TOFO HEPABCHCTBA NEPEXOAHM K HEPABCHCTBY

- <g<32”+1>g<::>2">%—1<:>nln2>lnzwl)cw»——l—ln%~l).
27 +1 & £ & In2 \¢g

M3 nocrenrero HepapeHCTBA CIEAYET, UTO 32 9UCA0 N(£) MOXKHO IPHHATH
YHCIIO, YIOBIECTBOPAIOLIEE YCIOBHIO

1, (2
N(#) Z[In—iln(;—l):l.

Takum 00pa3oM, npy NPOM3BONBHOM uHcie & >0 HalineHo uucno N(g),

L
2" +1

TaKoe, 4To I odoro n> N(&) BLINONHAETCA HEPaBEHCTBO <é¢.

370 ¥ O3HavaeT (N0 ONpeleneHu0 Npeeia NoCAEROBATENLHOCTH), UTo a =1 —
Hpesen paccMaTPHBaeMoli OCIEN0BATENEHOCTH.
[pupaBas € KOHKPETHOE 3HAYEHHUE B NPABOM YACTH HEPABEHCTBA

1 2
N(g) Zl:ﬁl—i‘ln(;" ]):],

MO’KHO yKa3aTh COOTBETCTBYIOL M HOMED, Ha4YUHas ¢ KOTOPOro BCE UNeHb! Mo-
cile10BaTeNbHOCTH OYAyT HAXOMUTECS B £ - OKPECTHOCTH TOUKH a = 1.

Harnpumep, ecu ¢ =0.01, To —1—1n -2~—-1 ~7.64.
In2 0.01

CrienoBarenbHO, HAUMHas © HOMepa 1 > 7.64, T.¢. cO 3HaYCHUA n =8,

x, €(0.99;1.01).

B camom gene, x; = i:: =25~0.9922 u x, €(0.99%1.02), Ho a, ~0.9845
u a, ¢(0.99,1.01). ¥
3ameuanne. B peleHHBIX AByX 3aa4ax Mbl HAXOMHITH HAHMEHBINYIA HO-
Mep N, QUrypupyOWHii B ONpeAe]CHHH Npenea NOCTeI0BaTeNEHOCTH,
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TakoM, 4TO, HA4YMHAA C HEro, HEPaBEHCTBO |x,, —a|< & emonnserca. On-
HaKO HeoOX0JUMO YACHUTH, YTO

1) ecny 3TO HEPaBEHCTBO BHITIONHAETCA, HAUMHAt ¢ HOMepa N, TO OHO
OyeT BHINIOJNIHATLCA M TIOAABHO NpH BeceX Homepax N, Goapmux, yem N;

2) 3anaHueM umcnaa £ HoMep N onpenensercs HEOTHO3HAYHO U

3) ans nokazaTensCTBa TOro, 4TO )1(21; X, = a, BOBCE HET HEOOXOUMOCTH

cpeay BCEX HOMEPOB N vckaTh HaUMEHBIHU.

R

Tak B npumepe 2.3, yCTAHOBHB, 4TO HEPABEHCTRO <€ BBI-

NONHSAETCA s BCEX 7> 1 —1, Mbl MOI/IY Jaiblie HE BECTH HUKAKMX pac-
CY>KAECHUH.
TIpumep 2.5. JokaszaTh, 4TO NOC/IEAOBATENHHOCTD 3;32;33;3,4;...;3";...

HE YMEET Mpejel.
A Mpul goxaxem TpeGyemMoe, eciii YCTAHOBMM, YTO OOWIMIA WieH 3TOH nocie-
JoBaTenbHOCTU X, =3" npes3oiiger moboe Hanepen sagadsoe yucno. [ycts M
Takoe uucno. Bossmem n> M ~1. Torma n+1>M; 3"=Q0+2)"21+2n, 1
nonasho 3" >n+1, nan 3" > M. Tem cambim NoKa3aHo, 4T0 3" MOXET mpe-
B30#iTH Moboe uncno M. Ecnu 611 cyuiecTrOBaN Nipeaes nepeMensol x, =3", u

6511 GBI paBeH a, TO Ang noboro £ >0 MoxHO Obu1o 661 ToA0Gpars Takoe N,
4TO NPH HOMEpPaxX # > N BHHIOTHAINCH Gbl HEPABEHCTBA

a-g<x,<a+g,Te.a~¢<3 <a+eg,

a 3TO NPOTHBOPEYHT AOKAa3aHHOMY YTBEPXKAEHHIO, Tak kak 3" npu n>M —1
npep3oiaeT moboe yucno M, a TeM caMbiM U YHCIO d + £, MeHbIlie KOTOPOro
OHO JIOJXHO OCTaBaThCA. 3TO MPOTHBOpEYME M JOKa3bIBAeT, UTO MOCHEROBa-

TenbHOCTE {3"} npenena He MMeer. DTOT NpuMep WUIOCTPHPYET YTBEPXKAE-
HUE: HE 6CAKAA ROCIE006AMENbHOCTL UMeem npeder. ¥

3aoauu u yrpasicHenuA OAa camMocmoamenbioi pabomot
. Brinucare HECKOJIbKO MEPBBIX UIEHOB MOCIEIOBATENLHOCTH, OOUIMI wileH
KOTOpOit a) X, =1;6) x, =2n—-1;8) x, =(-1J; D) x, = (-1)"12".
Omeem:a)1,1,1,...;6)1,3,5,7,..58) — 3,4, — 35, 315 -5
r)2,-4,8,-16, ....
2. ToxazaTh, 9T0 0OuMil YieH HOCHEeIOBATENLHOCTH, NEPBEI Wie KoTopol
SAMHHUNA, 3 KKbIA TocaeMyOlHif, HAUUHAs CO BTOPOTO, Ha eAUHHU1lY OonbLie
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YABOEHHOrO PEAMIECTBYIOLIErO WieHa, onpenesiercs gopmysion x, =2" —1.
Vxkaszanue. JlokasaTenscTRO MPOBECTH METOXOM MATEMATHYECKOH HHAYKIHMH.
3. IMons3ysck onpeeNieHUeM npeaesna noCAeAoBaTeNBHOCTH, JOKA3aTh, YTO

.. n—-1 1 . S5n 5 . n 1 . 3n+1
a) lim =—; im ==;B) lim =—;r1) lim-——=0;
a2+l 2 n>e2p+1 2 s dp—2 2 e 2n° -1
2
n nw-n-1 1 2"~
n) lim =1; lim =—:3)1 =1;
) B im e T Y M

0l =5 i 00 gl

Bonpocut ona camonposepku

1. Chopmynupyiite onpeneneHus: a) nocieA0BaTENLHOCTH; 6) OrpaHUUEHHOM U
HEOrpaHHYeHHOH NOCIeR0BATENEHOCTY; B) NIpeesia NoCNeA0BaTeIbHOCTH,
JlaiiTe reoMeTpHICCKYIO MHTEpApETaLHIO 3THX ONpeeneHuil.
2. TloxaxkuTe Ha fpHMepe uTo Homep NV, GUrypupylomuil B ONpeneieHn npe-
[DieS1a N0CieIOBATE/IbHOCTH, 3aBUCHT, BOOOLIE FOBOPS, OT 3HAYEHHU E.
3. Kakas nocienoBatensHoCTh Ha3biBaeTes: a) cxodsuletics; 6) pacxomseics.
4. Tlycts nocnexoBaTeNbHOCTh CXOAUTCS. SIBISETCA JIM CXOAAMEHCS TOChEeNO~
BATEABHOCTD, KOTOPAs TIONIyYaeTCs U3 HCXONHOH NOCIEROBATENEHOCTH, ECIH:

a) U3 Hee yJalHTh KOHEYHOE YUCIIO YIEHOB, 4 OCTABLIHECH 3aHOBO Hepe-
HyMEepOBaTh B MOPAIKE UX CIEAOBAHNA?

6) x Heil n06aBUTH KOHEHHOE YMCIIO YIEHOB, MEPEHYMEPOBaB YWICHb! M10-
CJIE0BATERBHOCTH B MOPAIKE UX CIIENOBAHUA?

B) B Hell M3MEHUTH NPOU3BONBHBIM 00Pa30M KOHEYHOE UHMCIIO 4IEHOB?
5. Chopmynupyire HeOOXORUMOE YCIOBUE CXOAUMOCTH MOCISIOBATENLHOCTH.
6. Chopmynupyiite onpeaesnenus: a) 6eCKOHEUHO MAIOH NOC/ELOBATEILHOCTY;
6) Geckoneuno Gonbimoi mocnenoBareNibHOCTH. JlaliTe reoMeTpHYEcKy O MH-
TeprpeTamuIo 3TUX onpeneNeHui.
7. a) SIpngercs nu GeCKOHEUHO MaJias NOCHeNOBaTEIEHOCTb OrPaHHUCHHON?

6) Slenserca nmu OGeckoHeyHo GoJiblIas MOCNENOBATENLHOCTh OrPAaHHYEHHOH?
cxopsmetica?
B) SInserca yn mobas OrpaHUYEHHAs [OCAEAOBATEIbHOCTb OECKOHEUHO

Gombiion?
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3. OMPEAEJEHHUE ¥ CIIOCOBBI 3AJJAHUA ®YHKITHHA

OcCHOBHBIE TEOPETHYECKME CBeJCHUS
3.1. Be1nunHSI NOCTOSIHHEIC H NepeMennble. @yHKkuus. Ob6aacts on-
pesenenns pyaxunn. Ceoiicrea pyaxuni. I'paduk pynkuun
HNocTonHubIe BeUMHMbLI. BeluyuHa HA3b18QeMCsl ROCMOAHHOM, ECAU OHA 8Ce-
204 UAY MONBKO 8 YCROBUAX OAHHOU 3a0ayl COXPAHALM OOHO U MO Jice YUCHO-
8oe anauenue.
Tapamempom nasvieaemcs maxkas NOCMOAHHAA GEAUMUHA, KOMOPAs MUldb 8
YCRogusx OaHHOU 3a0auu (OAHHOZ0 UCCHEO08AHUSL) COXPAHAEM NOCMOSHHOE,
8MONHE ONPEOENeHHOE YUCIOB0E 3HAUEHUE, HO C USMEHEHUEM YCNOGUL 3adauu
npurumaem yoice Opyzoe, xoms OnpedeneHHoe YUCI080€e 3HAUEHUE.,
ITepeMeHHbIe BEINUUHDLI. Benuuuna Hasvwleaenica NepemMertot, echu OHa 8 ye-
R08UAX OAHHOI 300AYY NPUHUMAEM PAZAUYHBIE YUCLOBbIE 3HAYEHU.
Heszasncumble nepemMenuble. /Jge nepeMeHHble GERUNUHBL HA3LIBAIOMCS HE3a-
BUCUMBIMU, €CTIU FHAYEHUSl, NPUHUMAEMbIE OOHOU U3 HUX, He 3A8UCSIM Om 3HA-
yenuil, nPUHUMAaemblx Opy2oil.

Hanpumep, B ¢opmyne ana onpenenenus obbema uwaunnpa V =z R H
BeAMYMHBI R i H — He3aBHCHMble HEPEMEHHBIE, TaK KaK 3HaueHn , npuH1UMae-
Mbi€ BhICOTOH A UMAWHAPA, HE 3aBHCAT OT 3HauchHuil R, KOTOpbIE NpUHUMAET
panHyc uMAHApA. '

PaccMoTpaM MHOMXKeCTBO X BEINECTBEHHBIX YMCEN X W MHOXECTBO Y 3ne-
MEHTOB Y.

Onpenenenne. Ecau kaxaomy snemMeHTy X € X 00 HEKOTOPOMY 3aKOHY T10-
CTaBNCHO B COOTBETCTBHE ONPEACIICHHOE BEIIECTBEHHOE YUCIO y €Y, TO roBo-
pAT, UTO Ha MHONcecntige X 3GOand PYHKKNUA N THLIYT

y=f(x)mm y=y(x),xeX.

BrenenHy1o TakuM o6pa3soM QYHKIHIO HAa3bIBAIOT YUCAOEON.

B 3TOM ciyuae MHOxecTBO X HasBIBAeTCA ofaacmuio onpedeienus GpyHx-
UHMHK; CUMBOJI X €T0o o0LIero 3NeMeHTa — apayMeHmom PYHKUUN WU He3asu-
CUMOII nepemeHHON.

YactHoe 3HaveHne ¢GyHxuun. COOTBETCTBYIOIMI KOHKPETHOMY 3HAUEHMIO
X, € X apryMeHTa x aNeMeHT Y, € I’ Ha3blBalOT YaCTHLIM 3HaUEHUEM ¢yHKUMHA
[pH 3HAYCHUM apryMeHTa X = x, u obo3HaqatoT uepes f(x,) wmm y(x,).

Ipy u3MeHeHNn aprymeHTa 3Hauenus y = f(x)e Y, soobime rosops, me-
HAIOTCA B 3aBMCUMOCTH OT 3HadeHuH x. 1o sToil npuinHe Benuunny y = f(x)
4acTO Ha3BIBAIOT 3AGUCUMOT nEPpeMEHKOI.
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Onpeneaecane yacTHbIX 3Hauennii gyaxusu. g toro yrobrr HaiiTh yact-
HOE 3Ha4YeHHe GYHKLUUY 0O 33JaHHOMY YACTHOMY 3HAYCHHIO apryMeHTa, Halo B
aHANMTH4ECKOE BbIpaXkeHHe (QYHKIUM MOACTABHTL BMECTO apryMeHTa ero 4a-

CTHOE 3HaueHue.
Ilpumeps: pewienus 3a0au

Ipumep 3.1. Jlana uenas pauvoHansHas dymiams f(x)=3x —2x—1.
Beruucmuts: a) £(2);6) f(=2);8) f(0); ) fla+2); n f(-x).
A Ilpu spiuucnenny OyaeM UCHONL30OBATH CXeMy [OpHepa, &S 3TOro mpel-
CTaBuM JaHHy1o QyHKimio B Bule f(x)=x(3x-2)-1.

a) f(2)=2(3-2-2)-1=2(6-2)-1=2-4-1=8-1=7.

6) f(=2)=-2(3-(-2)-2)-1=-2(-6-2)~1=-2-(-8)~1=16-1=15.

B) f(0)=0-(3-0-2)-1=-1.

0 fla+2)=(a+2)(3(a+2)-2)-1=(a+2)Ba+6-2)-1=

=(a+2)3a+4)-1=3a" +100 +8~-1=3a" +10a+7
n) f=x)==x(3(-x)-2)-1= —x(-3x -2) -1 =3x> +2x - 1.

Ilpamep 3.2. Jlana apobHas pannouansHas ¢GyHKuus f(x)= %fz
X
Boumcnuts: a) (2);6) f(0);8) f(a);r) f(%}
a
A TlpeacraBum nannyto GyHKLMmO B BUAE f(x)= i(—%x;—z)sﬁ
X
24-2-7)+2 _2+2 4
a 2 = = =
) /@) 32245 12+5 17
0-(4-0-7)+2_2, 4a* —Ta+2
6) f(0)=—————"— ——————-—;
) 10 3.045 5 ®) f(a)= 3a®+5
i, 1 1 4-74°
1 a’ (4 a’ 7)+2 e +2 4-7a* +24* w
[‘) f ——2— = ) = = 7 .ow
a 1 ER 3+5a
3 a‘z‘ +5 a4
. Sx+1 .
Ipumep 3.3. Jana npobHo-nuHeinas dyHkuus f(x) = 5 . Hafttu:
-X

a) f(3x); 6) £(x*);8) 3£ (x); 1) ().



A  2) Utobwl HaiiTu f(3x) crienyer B BhiparkeHuU L QyHkiun f(x) 3ame-
HHUTE x Ha 3x. ITonyyaem

5-3x+1 15x+1
3x)="—""—= .
fG%) 2-3x 2-3x

6) 3aMensn B BoIpKeHUU AN GyHKUMU f(X) ApryMeHT X Ha X° , TIOay UM

5% +1
2--3x%"

Fx)=

B) Crienyer ormyats f(3x) or 3f(x), F(x*) ot (f(x)).

15x+1 Sx+1 15x+3
,a3 =3 = .
23y 2 =3

Buino HaitneHo B a), uto f(3x) = )
—-x

5 () =(5x+1)3 _125%° +75x% +15x +1
2—-x 8—12x+6x2 —x°
Hpumep 3.4. Halitn xopHn x, nx, dyrxkmn f(x)= x2+10x+9 u Bbl-
YHCIINTD €€ HaCTHBIC 3HAUESHHA NPU 3HAYECHHMHM X, DPABHOM CpenHeMy apudmern-
YECKOMY M CpEeIHEMY TEOMETPHUYECKOMY ITHX KOpHEii.
Kopuanu ynxuuu Ha3b18A10MCA SHANEHUR APIYMEHMA, KOMOpble 06~
Pawaiom ee 6 Hy.io.

4 Onpenenum xopHu GyHKUUY f(x), NTPUPABHAB €€ HYIO:
X +10x+9=0 (x, ==9) v (x, =-1).
Cpentee apudMeTHIECKOE KOPHEH X, M X, PABHO KX NONYCyMMe

X+x, =9+l _
2 2 ’

a CpeaHEeS reOMEeTPHUECCKOE — KBAJPATHOMY KOPHIO M3 UX NPOU3BEACHUSA

Vxx, =91 =9 =3.
Hckomele yacTHble 3HaueHws1 Gyukuuu f(x) 6ynyt:

F(=5)=-5(=5+10)+9=-16; f(3)=3(3+10)+9=48. ¥
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3ada4u u yrpasxcuenua O1a camocsnoamebHoi pabonyl
YKa3aTb, KakKnue M3 BCJIMUMH, BXOAJAIBUX B q)OpM)/Ilb!, ABIIFOTCS NICPEMEH-
HbIMH, NCCTOAHHBIMY, TapaMeTpaMu.
1. Tlepuon mManmwix Kone6anuﬁ T MaTeMaTH4ECKOTO MasTHHKA BLIMHCIAETCA 1O

dopmyne T =27, /£, rae ¢ — AnnHA MasTHUKA, g ~ YCKOPEHHUE CHITbI TAKECTH.

Omegem: 2 v © — NOCTOSHHbIC; g — MapaMeTp (3HaueHUe TOH BeMUUHBI
HOCTOAHHO TOJBKO B NAHHOMN TOUKe 3€MHOH NOBSPXHOCTH, HO U3MEHAETCS
HpH Mepexose OT OAHOH TOUKH 3eMHOI MOBEPXHOCTH K aApyroil); ¢ u 7 —
BEJIHUHMHBI TIEPEMEHHBIE.

2. CornacHo 3akoHy boilns-Mapuorra, B u3oMeTpuueckoM npouecce pV =C,

TAE p — AaBJIEHUE rasa, a ¥ — 3aHUMaeMblH ra3oM oobeM.
Omeem: Benuuunbt p u ¥V — nepeMennsle; senyuuda C ~ napamerp (Tax
KaK OHA COXPAHET NOCTOAHHOE 3HAYUCHUE TONBKO I JAHHOTO rasa u Juis
JaHHoOH TeMiiepaTypbi).

3. O0neM yceueHHOTO KOHYCa BhiuucgeTes no Gopmyie

V =L1aH(R? + Rr +77).

Omegem: Benuuunsl 7 v 3 — nocrosHusie; V, H, R 1  — nepeMeHHbIe Be-
JIMYMHBI.

4. Jlana nenas pauuonanshas dyuxius f(x) = 2x> — x? +x — 1. Boiqucnure:
2) f/(=1);6) £2);8) f();1) f(fz’—]; 2 f[g—jr—ﬂ

32 _ 3 74 +3a-5
Omgem: a) —5; 6) 13; B) -%; n&=2 :20 4; 0 & Za+w;)3a
a

5. Mana dyHkums f(x)=5"". BolavcauTs:
a) £(1);6) £(2);8) £(-2);1) f@
Omgem: ) 1; 6) =; 8) 51_63 r) 5,

6. llata qynxuns [ (x)— P . Boiuucnuts: a) /( ) Fx) (x)
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2 _ 2
7zx ‘,6)5 x+2x
x°—x+1 7—-x

Omeem: 2)

7. f(x) =lgsinx. Jokazats, uto f(a)+ f(b)=Ig(sina-sinb).

COsS X

8. JlokasaTb, yto ecan f(x) =

»T0 f(=x)=—f(x).

9. f(@)=tga . Jokazary, uto f{2a)= Tf_ff—(zo(%)'

10. HoxasaTth, aTo ecnu f(x) = s_i%_yg’ T0 f(-x)= f(x).

MHoxecTBO 3Ha%eHnit GyHKuUHKH. MHOXECTRO
fXe{yeY: 3x(xe YAy = D)

Bcex 3HaueHuit GYHKLMH, KOTOpbIE OHA NPUHMMACT Ha EMEHTaxX MHOXECTBA
X, GyneM Ha3blBaTh MHOMNCECINEOM 3HAUEHWI WIW 061ACMbIO 3HAYEHU
dyuxyuu.
3ameuanne. B 3aBHCUMOCTH OT HpUpPOILI MHOXECTB X, ¥ TepMUH «(yHK-
HMA» B PA3NTMYHBIX OTAENAX MATeMaTUK¥ HUMEET DAl IMONE3HbIX CHHOHU-
MOB: omobpadcenue, npecbpuszosanue, MopPuim, onepamop, Qyuxkuuo-
Haa. OrobpakeHue — Hanbosee paclpocTpaHeHHbIH U3 HUX, U Mbl €ro To-
e yacTo Oynem ynotpebnars.

JBe QyHxHun f), f, CHUHTAIOTCA COGRAOQIOMUMH WM DAGHBIMU, €CIU
OHY MMEIOT OJIHY M Ty ke 06sacTh onpeneaeHus X U Ha JIloGOM 3neMeHTe
x e X suHawenus f((x), f,(x) stux dyHkuwmii coBnasatoT. B 3TOM cnyuae mu-
wyr f, = f,.
3ananue dynkunn. Oydkuus y = f(x) cuuTaercs 3a0aHHOM, eCIu:

1) Yka3aHa COBOKYMHOCTb BCEX paccMaTpHUBaeMbIX 3HAUEHHUIT apryMeHTa X.
2) VkazaH 3aK0H, KOTOPbIH NO3BONSET 10 3aJaHHOMY 3HAUEHUIO APryMeHTa X
HaxOJHUTh COOTBETCTBYIOLLIEE €My 3HAUCHHE DYHKLUM .

Hrak, 3ananve dyskuuu (oTo6paskeHus) NPEANONAraeT YKasaHue TPoiiku
(X, f.Y), rme

X — oToGpakaeMoe MHOXECTBO WK 001acTh OnpefesieHus QyHKIMY;

Y — MHOXECTBO, B KOTOpOE MAET oToGpakeHue, unyu obnacts npubLITUA
dyHKUMH.
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J— 3aKoH, N0 KOTOPOMY Ka)KAOMY 3JIEMEHTY X € X COHOCTaBNSETCA Ornpe-
JeNeHHslH ameMeHT y € Y.

B onpeneneHun QyHKIUN HHYETO HE CKA3aHO O TOM, KK YCTAHABIMBAETCA
COOTBETCTBHE MexAy YucHamMu x€ X u yeY. B 3aBUCUMOCTM OT TOro, Kak
3a71aH0 3TO COOTBETCTBHUE, IPUMEHSIOT PA3/INUHbie CNOCOOLI 3adanus GyHKIMM:
» ananutuyeckuii cnocob (¢ noMowbo GOpMyYIIE),

» rpaduueckudt cnocol,
» tabnuuHblii cocob.

DyHkLyA, 3aaHHas pasHeIME HOpMYJaMK UTd pasinuHbIX 3HaueHudl ap-
TYMEHTA, Ha3bIBACTCA KYCOUHO-UHAIUMUYECKOI.

: 2x, ecmu x 20,

Hanpumep, y= — KYCOUHO-aHAIHTHYECKOe 3ajaHue

0, ecniu x <0.
dynxuun (31 GyHKuMA MOXKET GbiTh 4 ONHON GOpMyOH y = X +[x]).
1 npu x>0,

@DyuKuus 3HaKa YMCHa X, y =signx, 3anaerca Tak: y={ 0 npu x=0, Ee

-1 opu x<0.
rpa¢uk u3o6paxeH Ha puc. 3.1.

Puc. 3.1

Ecnu 3anano ypasHeHue F(x;y)=0, cBia3sBaiomee QyHKIUIO ¥ U apry-
MEHT X, TO TOBOPAT, TO QYHKUHUS Y 3a11a4a HeA8HO.

Hanpumep, ypasHenme x—(x’+1)y=3 ABNAeTCS HESBHBIM 3aUAHHMEM
QyHKUMY V.
x~-3

x*+1

Ecnu pa3peminrhb 3T0 ypaBHEHUE OTHOCUTENBHO V, TO NOMYYHM y =

— ABHOE aHANUTHYECKOE 3a/laHue QYyHKLHMA Y.
3ameuanue. OGLIYHO BBIPOKEHHE Y YEPE3 X NIPH HEABHOM 3aJaHMH QyHK-
I(MH HE TaK MpOCTO, KaK B NpUBEACHHOM NpuMepe. Ho npu peieHry MHO-
THX 337024 U He TpedyeTcs BhIpaxaTh PYHKLUHUIO ABHO.
O6aacrh onpeaefedns GPYHKIMH — COBOKYITHOCTH BCEX 3Ha4YEHUH apryMeHTa,
HpPHU KOTOPBIX (yHKIES IPUHIMAET BELIECTBEHHBIE U KOHEUHBIE 3HaYeHnd. Jna
OTBICKaHHA obJsiacTu onpenencHus GyHKUMHA HAJO 3HATH YCJIOBHA CYIIECTBOBa-
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Hus GyHKUUE pa3nuuHOro BHIa, YMETh PEIllaTh HEPaBEHCTBA ¥ CUCTEMBI Hepa-
BEHCTB.

Ipu HaxoxxEeHUH OONACTH ONpeNCASHUS IIEMEHTapHOH GYHKLUIH, 3aaaH-
ot dopmynoii y = f(x), Hy>kHO obpaluath BHUMaHUE Ha CHENYIOULHe e~
MEHTHI (POpMYJIbL:

1) Ha 3HaMeHaTesn APOOHBIX BhIpaXkeHHi — QyHKUUA Oyner onpenesieHa
TOJIBKO JJIS TEX 3HAYEHHH X, MPU KOTOPBIX 3HAMCHATEH OTITUYHB! OT HYNA;

2) Ha pajaHKajibl 4eTHOH cTenenn — (PyHKLMs He OyAeT onpeaeneHa ToJibKo
AN TeX 3HAYEHHIl X, NIpYU KOTOPbIX UX IMOAKOPEHHbIE BhIpaKeHHA OyIyT HEOT-
PHULATENbHbI; .

3) na TpancueHmeHTHble dyHkUMM log, x, tgx, ctgx, arcsinx, arccosx, KO-
TOpbi€ ONpEAEEHE! He BCIOAY.

Tabanua ycaoBuii cymecTBOBaHUSA pasauuusIX Gpynkunii

o Venorus
No Bun CyuwecTBeHHbIH NpU3HaK
" | oysxkuuu | ang obnacT onpeneneHus CYHICCTBOBAHMA
_ dynxuum
_p CYIUECTBYET
1 y=F,(x) MHOrO4JIEH 1pH TOBLIX X
fx)
2 y==—"= €CTh 3HaMeHaTe b g(x)=0
g()
—2n KOpEHE YETHOMH CTeneHy B >0
3| g(x) YHC/IUTEIE §(x)=
" o
4| y=s ”f (*¥) | kopeus ueTHOl cTenenu B 2(x)>0
"l g(x) 3Hameuaresie
5 | y=log, g(x) Jgorapupm g(x)>0
6 | y=arcsinx | apkcumyc (apkxocuayc) | —1<g(x)<1

Hpumepwi pewienun 3a0aq
Hpumep 3.5. Haiitu oGnacts onpenenenus dyHKumit:

1

x* =1

y=lg(x+3), y=+5-2x,y=

Peruenne npuBeneHo B cnenyouiei tabnvue.
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DyHkuus YCIi10BUs CyIIECTBOBAHUSA X
y=lg(x+3) x+3>0x>-3 —-3<x<w
y=+5-2x 5-2x20&x<3 ~w<x<3
—o<x<~]
y=x21_‘ =120 (x2-)v(x=]) | ~1<x<l
l<x<w

IIpumep 3.6. Haitru obnacts onpenenenus dyHkimit:
1 1

= ’6 , = i — .
a)y \/x2—4x )x2+1 B) y = arcsin(x —2)

1
A a)Oyuxuus y= J—T___—_: cymiecTByer, ecnu x° —4x >0 x(x-4)> 0
x" —4x
PeniuM 3T0 HepaBeHCTBO METOAOM MHTEPBANIOB.
1) Otnoxum Ha ocu Ox Hymu gyskuuu f(x) = x(x —4); x, =0, x, = 4.
2) Onpenenum 3HaK f(x) B npoussonbHoil Touke: f(5)=5(5-4)=5>0.
3) OrMerum HepenoBaHye 3HAKOB;

+\ ’ + ., x
0 - 4 5

Puc. 3.2.
Mo pucyHky 3anuceiBacM OGIaCTh ONMpeAeneHUs GyHKUMA:
—0<x<0,4<x <o,
3ameuanwe. Jaivue 6ce onepayuu Memooa UHMEPBAROS, KpOMe Du-

CYHKa, cedyem GoliOTHAMNS & YMe.
CYIUeCTBYET OpK MOOBIX 3HAYEHMSX X, TaK Kak

6) @OyHkuma y= 1 5
1+x

3HaMeHareJ1b HUFIE B Hy b He obpamaercd (- < x < ).
B) Qynakuma y =arcsin(x —2) cymecrsyet, ecnn —1<x-2<1. O6nacts

onpenenenns pyuxuun ~1<x<3. ¥

Vkazanue. Ecnu TpeOGyercs HaiiTh 00MacTh onpeneneHus anrebGpawveckoit

CYMMBI HECKONTBKUX (pyHKUMI, TO HATO HOCTYNHTH TaK:
1) OnpenenuTs 0BIACTH ONpeAeNenNd KaKA0M U3 CHaraeMeix QyHKini.
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2) Onpenenutb 3acTh, o0LILYIO 114 BceX HalineHHbIXx obnacTteil. D1a obiuas
4yacTh U OyAeT UCKOMOIA. '

Oto ykasaHue pacHpOCTPaHAETCA TakXke Ha MPOU3BEISHHE HECKONBKHX
QyHKUMI ¥ Ha yacTHOE ABYX (QyHKUUH, npuueM npu ompenesieHud obiacTu
ONpeJiesicHAs YAaCTHOTO ABYX (YHKLMH AOJDKHBI OBITH MCKIIOYEHbI TOYKH, B
KOTOPBIX 3HaMeHaTellb Apobu obpalltaeTca B HYNb.

IIpumep 3.7. Haiith o6siacTb onpeneienus GyHKUMH
1 3-2x
Y = —=====+arccos ——.
3x-4 5
A 1) Hailizem obnacts onpenenenus ¢pyHKLNH

1 4
T, 3x-4>0& -
M= > >3

3-2x

2) Haitnem obnacts onpenenenus GyHxuun f,(x) = arccos

Dyuxuua f,(x) cywecTByer, eciu

3-2x

~1< 1 -5<3-2x<5-5-3<3-2x-3<5-3&

-8<-2x<2i(-) @ 4zx2-1-1<x<4,

3
x> T

-1<x<4
nacTeio onpepenexud. CucteMy nydtire Bcero pewars rpaduuecku. Ha uucio-

BOY ocu Ox CHMBOJMHYECKH H306pa3iM 001acTd, B KOTOPBIX YAORJETBOPAIOTCS
BCE HEPABEHCTBA CUCTEMBI

3) Pemum COBMECTHO CHCTEMY { - 3710, 1 OyneT uckomoit 00-

-1

4
Puc. 3.3,

06n1acTb, B KOTOPO ONHOBPEMEHHO YIOBIETBOPAIOTCA BCE HEPABEHCTBA
t<x<4. ¥
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3aoauu u ynpasicnenus ons camocmoamensnoii pabomast
Haiitn obsiactu onpepeneunst QyHKupit:

Ne f(x) Omeem

-2
1 - (oo PUG; )
2 My (DU )

322

4 Ja_e 4L [-2;0)U(0;2]

3 | J1-2x+3arcsin 3x2—1 [-L L]

X
5 | lgBx-1)+21g(x+1) (3;00)
6 L (=03 0) U (0; )
Xe

7 J X Jsinx [0;2)

2—x

2x% +3

——— —a0; -~ 2)U(2;

8 x—vx*—4 i =2U @)

Halitu o6nacts onpenencHus ¢yHxLui ¥ H306pa3uTs UX Ha YHCJIOBOHN ocu:

Ne f(x) Omeem

9 | V16—x* +¥2x+3 [—4; 4]

0] =27 (U@ HUG)
x° -5x+6

1

11 e ~4;4
V16~x* ( :

12 sin’x (o0; 00)

Yernbie n vevernbie pyuxnuu. OyHKUUA, onpelencHHas B CUMMETPUUHOM
OTHOCHUTENILHO Hauaya KOOpAMHAT 00NacTH —a < x < @), HA3BIBACTCA YeMHOI,
€CIIM JUis Jiroboro 3HaYCHHUs X U3 O0IACTH ONpeeNeH s BbIIOIHACTCS PaBEHCT-
BO f(x)=f(-x).

OYHKUUA, ONMPEAETeHHas B CUMMETPUYHON OTHOCUTENHHO Hayasga KoOp-
nuHat obnact (—da < x < a), Ha3bIBAETCA HeHemHOl, eciv U1 Modoro 3xaue-
HHS X U3 00J1aCTH ONpefeneHns BHIMOIHACTCA PaBeHCTBO f(x) = —f(—X).
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@yHKUUM, HY YETHbIE W HHM HEUeTHble, Ha3blBAIOTCA QYHKUMSIMU obuiezo

suoa.

Ceoticmea wemnblx u HeHemHbIX HYHKYUEE:
1. Obnacte onpeaenexns YeTHOH U HeueTHON QYHKUHMI CUMMETPHYHA OTHOCH-
TeJAbHO Hauajla KOOPAMHAT.
2. 'pa¢uk yerHoH QyHKIMH CHUMMETPUUEH OTHOCHTEILHO OCH OpJMHAT.
3. I'padux HeueTHOH QYHKLUUN CUMMETPUYEH OTHOCUTENBHO Havyana KOQOpAu-
HarT.
4. Cymma, pasHOCTb, NPOU3BECHUE U HACTHOE ABYX YeTHHIX QyHKuuit ¢ oxHOH
1 To# xe 06JsracThbio onpeneieHus (3HaMeHare b Apo6K NP 3TOM NODKEH ObITH
OTJIMYEH OT HYNA) TAlKe ABNAIOTCA YeTHbIMU QyHKUUAMM.
5. CyMma 1 pasHOCTh ABYX HEHYETHbIX (pyHKumit (C opHON 061ACThLIO Onpenene-
HUS) €CTh HEUETHbIE (YHKUUH.
6. TlpousBeacHue y 4YACTHOE ABYX HEHETHBLIX GYHKUMH ABASIOTCA UYETHBIMU
YHKUMAME.
7. TlpouspeneHue M 4YACTHOE YETHOW M HeueTHOW (YHKUMM €CTh HEeueTHbIe
dyHKIMY.

[Ipu mocTpoenny rpadMKOB HETHLIX M HeueTHbIX QYHKUMEE NOCTATOUHO
NOCTPOUTE TONBKO Ty 4acTek Ipaduka, KOTOpas JIEKHUT B APABOH HOJLYMIOCKO-
cti (npu x 20), a 3aTeM oTOOpa3UTh €€ CUMMETPUUYHO OTHOCHTEJIBHO OCH Op-
BURAT (A58 4eTHOH (YHKHMHM) WU OTHOCUTENBLHO Hauana KOOPAMHAT (s He-
4yeTHOH QyHKUIMU).

Nepuonuueckue pynxnnn. OyHkius f(x) Ha3LIBAETCA REPUOIULECKO, ec-
JIM CYLIECTBYET Takoe uuciao T > 0 (He 3aBUCALLEE OT X), UTO:

1) x+7T u x—T Tarxke BXoAAT B 00nacTb onpenencuus yskuuu f(x);

2) nns Beex x u3 obnactu onpeneneHus QYHKLUUU BoITONHSIETCS PABEHCTBO
Jx+T)= f(x);

3) cpeau Beex Takux T ecTb HAUMEHbLIEE.

370 HauMeHbLUIee YUCITO T Ha3BIBACTCS nepUOOOM PYHKLIUH.

Ceolicmea nepuoduveckux QyHKuuiL:

1. O6nacTs onpeneneHus NepUOANIECKOH PYHKUMH CUMMETPHYHA OTHOCHTENEHO
Hayara KOOPAMHAT.

2. Ana nepuommueckoit GyHkuuu y = f(x) cnpaBeAnnBo PaBEeHCTBO
Sx+kT) = f(x),

rae T — nepuoa GyHkumu; 4ucno k € Z ; B yactHoctd, f(x—T) = f(x).
3. Ecnim ¢ynxums y = f(x) nepuonudeckas ¢ nepuogoM 7T, TO (yHKUHA
y = f(ax) Taioke mepuoguyecKas ¢ NEPUOIOM lja—l (opua#90).
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4. Ecnu ¢yHkuns y= f(x) nepuonuueckas c¢ nepuogom 7T, To QyHKUHA
¥y = f(x+¢a) Takke nepuosudeckas ¢ nepuogom 7.

INpu noctpoennu rpaduka nepuosuHeckol GyHKLUY JOCTATOUHO TOCTPO-
HTB 4acTh rpa(uKa Ha HHTepBane, PaBHOM OJHOMY fE€PHOZY, a 3aTeM IPOROJ-
JKHTb €70 Ha BCIO 00nacTh onpeaeneHns QyHKIMHU.

Ilpumepui pewenun 3a0a4
Ipumep 3.8. OnpenenuTh, kKakas W3 JAHHBIX QYHKUMIT YeTHAS WIH HEYET-
Han: a) y=x?-3x +2sinx; 6) y=2*+2"";8) y =|x[—5e"2 ;1) y=x>+5x.
A 2a)Tx f(x)=x*Vx+2sinx, 10
F(=x)=(~x)? - ¥=x +2sin(—x) = —x* - ¥x - 2sinx,
T.e. f(—x)= f(x). CaegoBarensto, GyHKUUA HEUYETHAA.
6) Umeem f(x)=2"+277,
f=x)=27" 42700 =27 427,
T.e. f(—x)= f(x). CnenoBarenbHo, GPyHKLHS YeTHas.
B) 3nech f(x)=|q-5¢*,
F=x) =l -5 =[x -5¢",
1.€. f(—x)= f(x). CnemoBarensuo, GyHKUHUSA YeTHAS.

r) 3nech f(x)=x +5x, f(—x)=(-x)’ +5(-x) = x> - 5x.

Taxum obpa3oM, GyHKIUA HE ABNAETCA HU YeMmHOU, Hu HedemHoll (UnH
gynryuei obwezo suoa). VY

Tipnumep 3.9. HccnenosaTs Ha NepUOAMYHOCT ClieAytoie GyHKIuu:

a) y=x>+x-1;6) y=2;8) y:sin(%x)ﬂ;r) y=sinx-cosx;
n) y=sin2x-2tg(ix); e) y=cos’x; %) y=x-[x].

A a) Ilpennmonoxkum, 9ro JaHHas GYHKHUS HEpHOLUYECKasw, TOTAA JOIDKHO
cyutectBoBats Takoe aucio T, uro (x+7)° +(x+T)~1=x" +x—1.
BrruucnuM 7, paspetnas 370 ypaBHEHHE OTHOCUTENLHO T

X242 +T  +x+T~1=x* +x~1T? +2x+ DT =0 > (T, = 0) v(T, =—2x-1)
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Tak kak HM OZHO M3 MOMydeHHBIX 3HaueHuii 1), T, He YROBAETBOpSET onpexne-
JeHuIo nepuoantdeckoil QyHKUUY (MepHO He AOSDKeH 3aBUCEeTh OT X U He 10I-
»EH PaBHATHCA HYJNIO), TO (GYHKLUHUS He NepuoAnyecKas.

6) PareHctBO f(x+7T)= f(x) BhInOIMHAETCA Mg BCeX X U g Beex T, HO
cpeau T HeT HauMeHbUIETO Yncha. DyHKIUA HeNepUoaUYecKad.

B) [Ipennonoxum, uro T — nepuon maHHOW GYHKUHM, TOTHA 1A BCEX X
JOMKHO BHINONHATHCS PABEHCTBO sind(x+7)+1 —sm(3 )+1 U3 nocneanero
paseHCcTBa MOXHO Haliti T

sin(%x+%T)——sin(%x)=O©25in%(§x+%T—-%x)cos%(%x+%T+%x):-0.
Ecn cost(3x+3T+2x)=0, 10 cosi(3x+21T)=0, orkyna
3x+3T=4n+ak (keZyuT=3n+ink-2x.

IMonyueHHoe 3naueHue T 3aBUCUT OT X U, CJIEAOBATENbHO, MEPUOAOM PYHKLIUH
OBITL HE MOXKET.

1 3 3 3 — M3iT = 37 o

Ecn sini(3x+37-2x)=0, 1o sin3T =0, otxyna iT=mk (keZ) mn
T =47k He 3aBHCHT OT X ¥ NPUHUMACT HAMMEHbILEE 3HAYeHHE, eciu & =3;
ClieI0BaTENbHO, AaHHad QYHKLUS NePHORMIECKad C IEPHONOM £7.

r) Bocnosnbsyemcs Tem (akToM, 4TO Sinx +cosx =+/2 sin(x—%).
Mepuoa dyrkwu y =2 sin(x+ %) TaKo# ke, kak y QyHkuuu y =sinx (xors
611 notomy, uro rpaduk 3Toil QyHkuMM nonyuaetcs u3 rpaduxa QyHKUMM
¥ =sinx CIBHrOM Ha BeUduHy I BNPABO M PACTSKEHHEM B /2 -pas BIONE OCH

Oy). CnenopartelibHO, 1 EPHOS NCXOAHON GyHKUUK paseH 27 .
1) Myers T — nepuon ¢yuxuum. Toraa ans Beex x

sin2(x+7T)~2tg4(x+7T)=5in2x-2tgix
Cnenosan‘enmo,

2sin{iT)

sin2(x+7T)—sinx—2(tgi(x+ ) —-tg{ix})= 0> 2sinTcos(Qx + T) - —————2 2 -
(x+T) (tg4(x g} x)) D vy |

H, 3HAYUT,

sin(T {ZCOSG T)cos(2x+T)— cos(L x) :

cosi(x+7)




Jns Bcex x mocjenHee paBeHCTBO BHIMOJHAETCS JIMIUL [PM YCJIOBUH
sin(}7)=0, otkyna T =27k (ke Z). Haumenbluee noNoxHTENILHOE 3HAYCHUE
T =27z — nepuol QYHKUMH.

e) Ilepronom GyHKUMU Y = oS’ X ABNALTCA YHCIO T, TOCKOABKY

cos® x =1(1+cos2x),

a nepruog GyHKUUM Y =COS2X paBeH 7.
) DyHKUMA uesoff yacTH y =[x] yAoBneTBOpAET PABEHCTBY

[x+T]=[x]+T

ans seex nensix I 3nauut, f(x+7)=(x+T)~[x+Ti=x+T~[x]-T = f(x).
TonoxutenbHoe HaumeHbliee Hucno T paBHo eauHuLe, ChienoBaTenbHO,
nepuon naHHo# dynxoun 7 =1 (puc. 3.4). ¥

LS

3adauu u ynpaxcnenun ona ca.uocmo;zmeﬂbuoic padomasl

x+x1

L. ,tlo’icaaa"rb geTHOCTh hYHKHMIE: a) f(x) = 2 pppEr ;6) f(x)= 7.7

x+1 .
2. BbiacHUTS, ABAdeTca 1 Pyrkuua f(x) = T YeTHOH MM HedeTHOH.
x—

3. Jloxasatb, 4TO CyMMa WIH Pa3HOCTH ABYX YeTHBIX dyHKum# ectb GyHKUMA
YeTHast.
4. Jokasarb, 4TO CyMMa WIIN PasHOCTh ABYX HeUeTHIX (MYHKUHMH ectb QyHKIUA
HeYeTHas.
5. Jokasarb, YTO MIPOM3BENSHUE ABYX YETHBIX HNH JIBYX HEUETHBIX yHKIMH
€cThb (HYHKLIHA YEeTHAs.
6. Jloxasarp, 4To npousBefieHue (yHKUMH YeTHOH Ha HeueTHYIo QYHKUMIO €CTh
dyuKiys HeueTHas.
7. Halitp naumensuit nepuoa QyHxaui:

a).y=sin2x;6) y=cos{ix); B) y=tg3x.

Omeem:a) T=7;6) T=4n;8) T'=1rx.
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